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b Width of the cantilever
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Abstract
This thesis investigates how the deflection sensitivity of microcantilever sensors can
be increased, and how the deflections of an array of these cantilevers can be measured
up to a few micrometers, with sub-nanometric resolution, using a simple optical
system.
A large number of cantilever-based biochemical sensors have been reported in the lit-
erature. Cantilever sensors for some analytes produce deflections of several hundred
nanometers, while cantilever sensors for some other analytes only produce deflec-
tions in the sub-nanometric range. The cantilever deflection for a given stimulus can
be increased by increasing the length or by decreasing the thickness of the beam, but
these result in a lower resonant frequency. A lower resonant frequency makes the
cantilever susceptible to thermal noise and low-frequency vibrations. Therefore, it
is desirable to increase both the deflection and the resonant frequency of cantilevers
to improve their sensitivities. While prior research has attempted to enhance the
deflection or increase the resonant frequency of cantilevers, a method of simulta-
neously increasing the deflection and the resonant frequency of cantilevers has not
been demonstrated in the literature.
This problem of an inverse relationship between the deflection and the resonant
frequency of microcantilevers is investigated in this thesis. It is shown that the
deflection and the resonant frequency of cantilevers can be simultaneously increased
by creating perforations on the cantilever in a manner that reduces its mass by a
larger fraction than the reduction of the spring constant of the cantilever.
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Analytical models are developed to describe the deflection and the resonant fre-
quency of perforated microcantilevers. Deflection values obtained from this model
are found to be within 6 % of the deflection values obtained using the finite element
method software suite ANSYS, while resonant frequencies obtained using this model
are found to be within 4 % of the simulated values. These results show the validity
of the analytical models.
The variations of the deflection and resonant frequency of cantilevers with per-
foration parameters are characterised using these models. It is shown that the
deflection and resonant frequency can be selectively controlled using perforations,
enabling cantilevers to be realised with larger deflections as well as higher resonant
frequencies compared with standard rectangular cantilevers. This enables the mea-
surement technique to be simplified, since large deflections can be measured in less
noise-controlled environments.
Using these analytical models, the optimal profile of a cantilever that combines in-
creased deflection with increased noise immunity is determined. It is established
that cantilevers with triangular profiles have a larger deflection×resonant frequency
product when compared with standard rectangular cantilevers. These results are
compared with values obtained from models available in the literature, as well as
with simulations using ANSYS. Numerical results obtained from each of these meth-
ods show good agreement. The triangular-profiled cantilevers are shown to have a
sensitivity to dimensional variations comparable to prismatic cantilevers, and to be
relatively insensitive to smoothing effects of fabrication.
The measurement of the deflections of an array of cantilevers using the interdigital
interferometric method is investigated in detail. A novel mathematical approach
is proposed that decomposes the far-field optical intensity pattern into the sum of
several spatial harmonic functions. The relationships between the parameters of
the cantilever array, the cantilever deflections and the spatial harmonic functions
that determine the observed optical intensity pattern, are established. The spatial
frequencies of these harmonic functions are shown to be determined by the distances
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between each cantilever of the array, and the phase terms of the spatial harmonic
functions are shown to be dependent on the amount of deflection.
The measurement range of the standard interdigital interferometric method is lim-
ited to a quarter of the wavelength λ of the optical source. The reason for this
limitation is investigated. It is shown that by using the phase terms of the spa-
tial harmonic functions obtained from the Fourier transformation of the far-field
diffraction pattern, the measurement range can be extended to λ/2. It is further
established that by making each moving cantilever in an array to have a different
deflection for a given stimulus, the measurement range can be increased independent
of the half-wavelength limitation. The principles for designing a cantilever array to
enable this enhancement are established.
A principle to correct the errors induced by the misalignment of the image sen-
sor with respect to the diffraction envelope of the intensity pattern is established.
It is shown that the cantilever array can be designed to correct for large misalign-
ments. Since the requirement of precise optical alignment is eliminated, the proposed
method is well suited for automated systems to measure the deflection of cantilevers.
Practical design considerations of a cantilever array and the image sensor are inves-
tigated and the principles for determining the cantilever width and the locations of
individual cantilevers are established. The requirements of the photo sensor, namely,
the maximum allowable pixel spacing, the size of the image sensor and the resolution
of the Analog to Digital Converter (ADC) for a given measurement resolution are
also determined.
Using these principles, an example array of cantilevers is simulated. Using a basic
signal processing algorithm, a measurement resolution of 0.2 nm is demonstrated,
which compares with the theoretical resolution of 0.159 nm when using a 10-bit ADC.
Deflections up to 3250 nm are shown to be measurable using this array, compared
with 162.5 nm for a standard interferometric measurement technique.
Chapter 1
Introduction
The development of a simple, portable, clinical diagnostic device that can perform
a comprehensive range of tests, inexpensively, and give results within a few minutes
has been a dream of biosensing research groups for many years. A General Practi-
tioner equipped with such a device will be able to make informed diagnoses, monitor
critical clinical indicators and tailor treatment accordingly, without the need to wait
for laboratory results. Or a volunteer working in a remote village in a third world
country will be able to screen hundreds of children in a day for HIV, malaria, hepati-
tis, nutrition deficiencies and a host of other clinical indicators using a portable test
instrument. Since results are available immediately, remedial action can be initiated
instantly.
In addition to clinical diagnostics, such an analytical system would be invaluable
in areas such as epidemic control, water quality management, environmental mon-
itoring, wine industry, food industry, agriculture and farming where frequent bio-
chemical testing is desirable, yet hitherto impractical due to cost, time or mobility
limitations of the tests. The vision of a cheap, compact and simple yet compre-
hensive test device has been driving the development of Total Analytical Systems
(TAS), also known as Lab-on-a-Chip (LOC) devices.
Advances in Micro Electro-Mechanical Systems (MEMS) in general, and in Microflu-
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idics in particular, have provided the technological framework to bring us closer to
realising this dream. Assays such as ELISA (Enzyme-Linked ImmunoSorbent As-
say) are used widely for testing for HIV. Other elements of micro-TAS have been
reported, such as a sensor for dengue fever [1], enzymatic analysis of single cells [2],
and hepatocyte culture [3]. However, these devices still require that samples be la-
belled using fluorescent markers, a step that consumes considerable time [4]. When
performing a wide range of tests, the samples have to be uniquely tagged for each
test, which increases the sample preparation time several-fold. Hence, a rapid TAS
has not yet been realised.
MEMS microcantilevers provide an alternative technology that overcomes this lim-
itation. One face of the cantilever is coated with a functionalising layer which is
highly specific to a particular analyte. This layer acts as the sensing element. When
the cantilever is brought into contact with the corresponding analyte, the interac-
tion between the functionalising layer and the analyte causes a change of free energy,
which results in a change of surface stress. The difference between the stresses of the
functionalised and non-functionalised layers causes the cantilever to deflect. Thus
the cantilever transduces a chemical reaction into a mechanical response [5]. Mea-
surement of this deflection provides a rapid indication of the analyte concentration.
The literature is abound with reports of cantilevers being used to detect a myriad
range of chemicals [6, 7], proteins [8], antigens [9], DNA [10, 11, 12] as well as a
broad range of other biological, chemical and physical phenomena.
The advantages of microcantilever-based sensors are many. Since hundreds of mi-
crocantilevers can be fabricated on a single silicon wafer, the cost per unit is low.
Cantilever dimensions are generally in the micrometer range, and hence the amount
of chemicals required to functionalise the beams are a fraction of what would be
required for a macro-scaled device. Further, the forces required to actuate the can-
tilevers are very small, which make cantilever sensors highly sensitive devices. Due
to the high sensitivity, only a minute amount of sample volume, typically a few hun-
dred microliters, is all that is required to perform an accurate test using a cantilever
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biosensor.
Several commercial products based on this cantilever technology have been intro-
duced to the market. However, they are either limited to a few, fixed cantilevers [13]
or require manual intervention [14]. There is currently no commercial product using
cantilevers that can perform automatic tests for a wide range of biochemicals.
If a generic biochemical measurement technology based on microcantilever sensors
could be developed, it would help realise the dream of rapid, cheap, in-situ testing
in all of the diverse fields mentioned above.
1.1 Motivation
There are a number of technical obstacles that have to be overcome before a micro-
cantilever-based, self-contained biochemical measurement device can be fully devel-
oped. For repeatability of tests, the functionalising of cantilevers has to be consistent
across all the sensors. The activity, stability and lifetime of functionalised cantilevers
have to be characterised. These issues have been investigated in [15].
Some analytes, such as glucose, have been shown to yield stable cantilever deflec-
tions within 5 minutes [16]. For clinically significant glucose concentrations, the
expected deflections are in the range of 0–40 nm. On the other hand, prostate spe-
cific antigens (PSA) have taken 3–4 hours to produce stable cantilever deflections [9]
due to low diffusion rates of the molecules in the liquid. It is proposed in [17] that
a stable result for PSA can be obtained within 5 minutes by making the sample
volume much smaller than that reported in the literature. The drawback is that the
cantilever deflections then decrease. If a sample volume of 50 nl is used, the can-
tilever deflection for clinically significant PSA levels will only be 0.11–2.1 nm [18],
which makes measurement difficult.
To be useful in each case, the cantilevers have to be sensitive enough to respond to
the smallest analyte concentration of interest. At the same time, the functionalising
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layer, and therefore the cantilever surface, has to be large enough to avoid saturation
of the sensing layer even at the highest possible analyte concentration.
Another key problem is the measurement of cantilever deflections. Several tech-
niques have been demonstrated in the literature, but each method has its own lim-
itations. The cantilever deflections can range from the sub-nanometric scale up to
several micrometers. Thus, the measurement technique has to be able to measure
deflections of several hundred nanometers with sub-nanometer resolution. Ideally,
the measurement technique should not require any special fabrication of the dispos-
able cantilever sensors, and have non-contact coupling with the cantilevers.
The cantilever dimensions, sample volume size and the requirements of the measure-
ment system are all intrinsically tied together. If a method of arranging an array of
cantilevers, functionalised to respond to different analytes can be found, and if the
deflection of these cantilevers can be measured using a simple device, then a highly
sensitive, rapid, inexpensive diagnostic device can be realised.
1.2 Problem statement
One of the key problems that has prevented the development of a MEMS micro-
cantilever-based, self-contained biochemical measurement device has been the in-
ability to improve the deflection response of cantilevers while maintaining noise
immunity. A simple measurement system that can measure deflections of several
hundred nanometers with sub-nanometer resolution that does not require manual
intervention is not available.
1.3 Objective
The objective of this Thesis is to investigate the basis for achieving an arrange-
ment of cantilevers coupled to a simple measurement system that can be used to
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automatically measure deflections of up to several hundred nanometers with sub-
nanometric resolution. In order to achieve this objective, the following investigations
are undertaken in this thesis.
• Investigate how the deflection of a cantilever can be increased, while maintain-
ing noise immunity.
• Investigate deflection as a function of cantilever geometry.
• Review the measurement techniques to identify the most suitable method to
measure the deflection of disposable cantilever sensors.
• Investigate the limitations of the selected measurement methods, and propose
methods of overcoming these limitations.
This research takes the state-of-art one step closer to achieving a self-contained,
rapid, automated biochemical measurement device.
The problems concerned with functionalisation, saturation, analyte volume, reaction
times and other biochemical problems are not addressed in this thesis. Some of these
problems are considered in [17].
1.4 Overview of the thesis
The main body of the Thesis is organised into seven Chapters.
Chapter 1 is this Introduction. A broad overview of the problem is presented, and
the barriers are stated. The objectives of this Thesis are outlined.
Chapter 2 presents the Literature Review. It covers the state-of-the-art of MEMS
cantilever sensors and highlights their problems and limitations. The com-
mon techniques available to measure cantilever deflections are reviewed, and
their merits and demerits are discussed. From an appraisal of the literature,
directions for this research are identified.
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Chapter 3 investigates the problem of the inverse relationship between deflection
and the resonant frequency of microcantilevers. From these investigations, a
principle is established that allows both deflection and resonant frequency to be
enhanced simultaneously by introducing structural modifications to the beam.
Mathematical models are developed and verified to describe the dynamics of
microcantilevers with structural modifications.
Chapter 4 investigates different cantilever structures using the mathematical mod-
els developed in Chapter 3. The principles established in the previous chapter
are validated. A novel cantilever profile that achieves a larger deflection to-
gether with a larger noise immunity compared with standard cantilevers is
derived and presented.
Chapter 5 investigates limitations of the standard interferometric method of mi-
crocantilever deflection measurement. Several principles are established and
proven that allow these limitations to be overcome. A basis for achieving a
highly sensitive, automated interferometric measurement method that has a
large measuring range is presented.
Chapter 6 uses the principles and the models developed earlier in the thesis to
present the basis of a cantilever array which has an adequate deflection, noise
immunity and which can be measured in an automated system. It is shown
that the system performs as predicted, both at low deflection values as well as
at high deflections.
Chapter 7 presents a summary of the work done and the conclusions of the Thesis.
In addition, the thesis is supplemented by two appendices:
Appendix A provides the complete mathematical development of the analytical
models described in Chapter 3.
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Appendix B lists software scripts written to solve complex equations, and scripts
developed to simulate and verify the theories developed in the Thesis.
1.5 Original contributions
This thesis contributes the following to the body of knowledge:
1. A principle to selectively modify the deflection and resonant frequency of mi-
crocantilevers using structural modifications.
2. A method to analytically model the surface stress-induced deflection of non-
prismatic cantilevers.
3. Simple analytical models to describe the deflection and resonant frequency of
non-prismatic cantilevers.
4. A novel cantilever structure that has a higher deflection together with a higher
resonant frequency, which gives a higher noise immunity compared with stan-
dard rectangular cantilevers.
5. A principle to extend the deflection measurement range of interferometric can-
tilever arrays beyond the quarter-wavelength limitation.
6. A novel arrangement of an array of cantilevers that facilitates automated mea-
surement of cantilever deflections.
7. A method to overcome the alignment requirement of interferometric measure-
ments.
8. The basis for designing an array of cantilevers whose deflection can be mea-
sured using a simple, automated interferometric measurement setup.
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1.6 Publications
The research undertaken during the candidature of this thesis has resulted in three
publications:
1. S. N. Fernando, M. W. Austin, and J. P. Chaffey, “Improved cantilever profiles
for sensor elements”, Journal of Physics D: Applied Physics, vol. 40, no. 24,
pp. 7652–7655, 2007.
2. S. N. Fernando, M. W. Austin, and J. P. Chaffey, “Sensitivity analysis of
cantilever biosensors”, Proc. SPIE vol. 6035, Microelectronics: Design, Tech-
nology, and Packaging II, 603514–11, Jan 2006. Proc. SPIE International
Symposium on Microelectronics, MEMS and Nanotechnology 2005, Brisbane,
Australia, December 11–15, 2005.
3. S. N. Fernando and J. P. Chaffey, “Maximising microcantilever response: an
analytical approach using mathematical models”, Proc. SPIE vol 5649, Smart
Structures, Devices, and Systems II, pp. 265–274, Feb 2005. Proc. SPIE In-
ternational Symposium on Smart Materials, Nano- and Micro-Smart Systems,
Sydney, Australia, December 12–15, 2004.
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Chapter 2
Literature Review
The quest for the development of simple instruments that analyse bio/chemical
samples in real time, in-situ and inexpensively has taken several avenues. Most
have embraced Microtechnology and MEMS to deliver cost and speed benefits.
A sensing device consists of three main components: a detector which recognises the
phenomena of interest; a transducer which converts that signal into a measurable
form; and a read-out system which measures the transduced signal. Microcantilevers
have been demonstrated to act both as the detector and as the transducer of bio-
chemical interactions. External measurement devices have been used to measure
their responses.
In this Literature Review, the principles of using a microcantilever as the transduc-
ing element are reviewed. A few relevant examples of MEMS bio/chemical detectors
are examined, and their performances are compared. The limitations of cantilever
sensors and methods proposed to overcome these limitations are examined. Gaps
in the current body of knowledge with regards to cantilever sensors are identified.
Then, a range of read-out mechanisms are summarised. Finally, a broad evalua-
tion of the state-of-the-art of MEMS cantilever sensors is performed to identify the
problems that this research will investigate.
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2.1 Microcantilever sensors
Microcantilevers have been used in Atomic Force Microscopy for many years. Since
the early 90’s, it has been demonstrated how microcantilevers can be used to trans-
duce many types of phenomena into a mechanical response. Mass, temperature,
heat, electromagnetic field, stress etc have been transduced into a mechanical re-
sponse of microcantilevers [1]. A common application of cantilever sensors is for
the detection and measurement of chemical/biochemical species. One face of the
cantilever is coated with a layer of molecules that show a high specificity to the
analyte of interest. This step is termed as “functionalising” the cantilever. The
other face of the cantilever is maintained relatively inert to bio/chemical interac-
tions. When the cantilever is brought into contact with the sample being analysed,
the functionalising molecules interact with the target analytes, while being inert to
other molecules in the sample. This interaction changes some measurable properties
of the cantilever. This response is measured, and is in general proportional to the
intensity of the interaction.
Two fundamental principles have been reported in the literature to use a microcan-
tilever as a transducer: the change of resonant frequency method and the deflection
method. In the resonant frequency method, also known as the dynamic method,
the resonant frequency (natural frequency) of the cantilever shifts as a result of its
interaction with the measurand. In the deflection method, sometimes referred to as
the static method, the microcantilever deflects as a result of the interaction between
the cantilever and the measurand.
2.1.1 The resonant frequency method
When analytes are adsorbed onto the cantilever or when they bind with receptors,
the mass of the cantilever increases. This causes a change in resonance frequency,
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∆m : change of mass
k : spring constant of the cantilever
f1 : initial resonant frequency of the cantilever
f2 : resonant frequency after adsorption of the analyte
n : a constant, depending on the cantilever type and material
The adsorbed mass ∆m can be directly calculated from the shift of resonant fre-
quency (f2 − f1). Microcantilever sensors for humidity [4], water vapour, primary
alcohols and alkenes [5] and prostate specific antigens (PSA) [6] have been reported
which use this principle.
To calculate the adsorbed mass from the shift of resonant frequency using Equa-
tion (2.1), the spring constant has to remain unchanged during the biochemical
reaction. Experimental results in [2] demonstrated that adsorption of water vapour
resulted in an increase in resonant frequency. This suggested that adsorption caused
the spring constant to change, in addition to changing the effective mass of the beam.
The fact that the frequency increased showed that the effect of adsorption on the
spring constant was greater than the change in mass.
It was analytically shown in [7] that tensile surface stresses increase the resonant
frequency, while compressive surface stresses decrease the resonant frequency of mi-
crocantilevers. When a thin layer of biomolecules is adsorbed, it causes a significant
change in the spring constant, but has little effect on the mass [7]. This effect
was mathematically analysed in [8]. Since the spring constant does not remain
constant, an accurate value of the adsorbed mass cannot always be obtained using
Equation (2.1).
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It was observed in [9] that the resonant frequency of a microcantilever can be up to
5 times lower in water than in air. It was further observed that the resonant peaks
are less prominent in water, due to the damping effect of liquids. This reduces the
sensitivity of the device.
Further, the cantilever must be excited to vibrate over a range of frequencies to
determine its resonant frequency. The cantilever can be actuated using a piezoelec-
tric crystal [10], an electric field, a magnetic field, or by using a thermal actuating
mechanism as reported in [11]. Each of these methods require additional fabrication
steps to incorporate the actuation mechanism, or external instruments to excite the
beams.
Due to these limitations of the resonant frequency method, the deflection method
is more frequently used in cantilever biosensors.
2.1.2 The deflection method
When analytes bind with receptors, there is a change in surface free energy [12]. This
change causes a change of surface stress on the functionalised face of the cantilever.
Since only one face is functionalised, surface stress changes only in that face. This
causes a differential surface stress to develop between the opposite faces of the
cantilever. The differential surface stress causes the cantilever to bend [13].
The deflection t of a cantilever as a result of a differential surface stress ∆σ is





where L is the length and h is the thickness of the cantilever; E and ν are the
Young’s modulus and Poisson’s ratio of the cantilever material, respectively.
A large number of sensors have been reported in the literature using this method.
Some examples are DNA [14, 15], prostate specific antigens (PSA) [12], glucose [16,
17], and pH [18].
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The deflection method does not require the cantilevers to be excited over a range of
frequencies in order to take measurements, and the reading is not affected by damp-
ing affects of the fluid. Therefore, the deflection method is simpler to implement
than the resonant frequency method, and is the more suitable method for biosensors
with disposable cantilever sensor elements.
Table 2.1 summarises some features of a few cantilever sensors reported in the lit-

























Table 2.1: Comparison of some common cantilevers from the literature
Sensor Material Size (µm) k (Nm−1) f0 (kHz) Type t (nm) Ref.
DNA Si 500× 100× 1 0.02 Rectangular -50–100 [14]
DNA Si 180× 1 0.26 V-shaped -10–40 [15]
DNA SixNy 200× 0.5 V-shaped 0–10 [19]
DNA Si/SixNy 125× 40× 0.52 0.2 60 Rectangular – [20]
PSA SixNy 200× 0.5 V-shaped 0–200 [12]
Ethene, N 500× 100× 1 Rectangular 0–2500 [21]
H2O, OH’s Si 500× 100× 0.8 0.02 Rectangular 0–10, 000 [22]
H2O, OH’s Si 500× 100× 8.6 50 Rectangular 0–1000 [5]
H2O vapour Si 200 0.06/0.09 V-shaped – [2]
Glucose Si 350× 35× 1 0.03 Rectangular 0–250 [16]
Glucose Si 180× 1 V-shaped 20 [17]
pH SixNy 200× 0.7 V-shaped 30 [18]
Chemical reaction Si/Al 400× 35× 1.5 0.19 12.2 Rectangular 500 [23]
Proteins SixNy Rectangular 0–30 [24]
Cardiac biomarker Si 500× 100× 0.5 Rectangular 0–1000 [25]
Si 8× 0.06 4 1200 V-Shaped [26]
Note: The size of microcantilevers are presented as length × width × thickness for rectangular beams, and length × thickness
for v-shaped beams. k: spring constant; f0: resonant frequency; t: deflection.
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2.1.3 Limitations and improvements reported
Microcantilevers are subject to background noise. It was reported in [27] that the
flow rate, the salt concentration of the medium, and the pH value of the medium
caused changes in the deflection. Thus the experiments were conducted with the
flow rate, medium salt and temperature carefully controlled. In [12, 19], temperature
was controlled to within ±0.05◦C, while in [28] experiments were conducted on a
vibration-isolated table in a temperature controlled environment, to minimise errors
due to thermal and vibrational noise.
It was shown in [9] that the thermal noise was spread from dc up to the fundamental
resonant frequency of a cantilever. Thus increasing the resonant frequency spreads
the noise over a larger frequency range, making the noise in a given measurement
bandwidth smaller. Taking this principle into consideration, the resonant frequency
of microcantilevers was increased in [29] by modifying the cantilevers to have thinner
legs. It was shown that the noise decreased by the same factor as the increase
of the resonant frequency. In [30], the thermal-noise-limited minimum detectable
force using a cantilever was determined. It was seen that the minimum detectable
force was inversely proportional to the resonant frequency of the cantilever. These
investigations highlighted the need to increase the resonant frequency of cantilevers
to increase their noise-limited measurement resolution.
There is considerable drift in cantilever deflections when enclosed in liquid envi-
ronments. The origin of these drifts are twofold. The first is the sudden, large
deflection that occurs when the beam is immersed in the liquid medium, as re-
ported in [14, 15, 19, 20]. This phenomena was explained in [30] as being due to
the rearrangement of the cantilever surface. The second source of drift is due to
the bi-material effect. Since a cantilever sensor is made up of several layers of dif-
ferent materials (for example silicon and gold) having different thermal expansion
coefficients, temperature variations can induce a deflection due to the bi-material
effect [31].
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The effect of thermal drift on cantilevers was studied in [32]. Two identical silicon
nitride cantilevers were fabricated side by side. A thin layer of gold was applied
on one face of each cantilever to achieve a bimorph. The device was placed in a
fluidic cell and cold water was injected. As the water warmed up to ambient tem-
perature, the cantilevers deflected due to the bi-material effect, and the deflections
were monitored. It was demonstrated that a 1◦C temperature rise induced a 1.4 nm
deflection, which is comparable with deflections caused by biochemical reactions, as
given in Table 2.1.
There is no consensus among the scientific community as to the origins of the sur-
face stress. Adsorption-induced surface stress has been investigated by many, such as
in [19, 33]. Adsorption, electrostatic interactions, changes in the surface hydropho-
bicity and conformational changes of the adsorbed molecules have been identified
as possible reasons for the generation of surface stress [34]. In [35] it was concluded
that a cantilever biosensor can deflect due to several phenomena. In addition to
specific interactions, non-specific bindings and thermal drifts were identified as fac-
tors contributing to the deflection of cantilevers. Thus, the need to make differential
measurements with respect to reference cantilevers to eliminate non-specific signals
was highlighted in this paper.
In a differential measurement arrangement, one cantilever is functionalised to in-
teract with the analyte, while another is coated with an inert layer, such as gold.
Common-mode noise affects both cantilevers in a near-identical manner, and a differ-
ential measurement can be used to eliminate this noise. This approach was reported
in [14]. It was shown in [32] that differential measurements were nearly 50 times
less sensitive to temperature variations than measurements on a single cantilever.
In a further improvement, an array of cantilevers was used in [21, 22]. Four can-
tilevers were coated with gold on one side; the uncoated side acted as a sensor for
water vapour. Another four cantilever were coated with gold on both sides, making
them inert to water vapour and acted as reference beams. The sensor cantilevers
deflected in the presence of water vapour, while the reference cantilevers showed
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no deflection. By taking the average of the sensor cantilevers, random noise effects
such as thermal noise and electronic amplifier noise were reduced. The differen-
tial measurement between the sensor cantilevers and reference cantilevers reduced
common-mode noise such as mechanical vibrations and thermal drift.
In [5], individual cantilevers in an array were functionalised with different polymers.
Each polymer interacted with the analyte in a unique manner, giving rise to a range
of different responses within the elements of the array. An Artificial Neural Network
(ANN) was used to identify patterns and extract information from the response of
the array. It was demonstrated that this array could be used to analyse a range of
chemicals such as water, alcohols and alkenes.
Another problem of microcantilever biosensors is the long time required to attain
stable deflections for some analytes. The time taken to reach a stable deflection of
a few cantilever sensors are summarised in Table 2.2.
Table 2.2: Comparison of sample volumes and measurement times
Sensor Sample volume (µl) Stabilisation time Def. range (nm) Ref.
DNA 0.14 80 s – [20]
DNA 250 30 min -40–10 [15]
DNA 3000 80 mins -50–100 [14]
Glucose 200 1 hour 0–250 [16]
Glucose 200 20 min – [27]
Glucose 2000 5 min 20 [17]
PSA 100 3–4 hours 0–200 [12]
The main reason for the long detection time of cantilever-based DNA sensors is
thought to be caused by the slow diffusion of molecules in the reaction chamber [12].
In [15], at least 30 minutes were required to achieve stable cantilever deflections for
the detection of DNA-oligonucleotide in a 250 µl fluid chamber. In contrast, a stable
deflection for the detection of DNA-oligonucleotide was obtained in just 80 seconds
when microchannels having volumes of 0.14 µl were used [20]. It was further shown
in [20] that the smaller fluid cells overcame the problems of liquid turbulence and
temperature gradients. In the case of glucose sensors, the fast response time in [17]
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was achieved by using a novel layer-by-layer nanoassembly technique to functionalise
the cantilevers.
It is being shown in [36] that smaller reaction chambers, while achieving fast re-
sponses, results in much lower surface stresses. As an example, using the results
of [12], the surface stress for the minimum clinically significant PSA level of 1 ng/ml
is found to be 4 × 10−3 µN/µm, where the reaction volume was 100 µl. However,
when the volume is 50 nl, the surface stress value becomes 48.5×10−6 µN/µm [37].
Thus, while fast response times can be achieved using small analyte volumes, the
cantilever response must be enhanced accordingly such that the deflections are large
enough to be measured using a simple device. It was noted earlier that the resonant
frequency of microcantilevers must be increased to improve noise immunity. Thus,
to be viable sensor elements, both the deflection and the resonant frequency of
cantilevers must be simultaneously increased.
2.2 Enhancing cantilever response
The deflection for a given surface stress value can be increased by selecting a mate-
rial that has a lower Young’s modulus, as evident from Equation(2.2). Cantilevers
made of polymers such as PPMA, PMMA and polystyrene have been shown to have
Young’s moduli in the range 3–6 GPa, compared with a Young’s modulus of 165 GPa
for silicon [38]. Cantilevers made out of the SU-8 polymer, which has a much lower
Young’s modulus than silicon, have also been reported [39, 40]. However, immobi-
lizing receptors on polymers is difficult [41], and only a few biosensing applications
using polymer cantilevers have so far been demonstrated, such as in [42].
Thin microcantilevers have a greater deflection than thick beams for the same surface
stress, as evident from Stoney’s equation (2.2). However, thin beams tend to deform
in the lateral direction (arching) in addition to deflecting in the longitudinal direction
(bending). The arching effect is schematically shown in Figure 2.1(a). Arching
increases the section modulus of the cantilever, making longitudinal bending more
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difficult [43], thereby reducing the sensitivity of the cantilever. Arching also makes
measurement by both piezoresistive and optical methods complicated since different
points across the free end of the cantilever will have different displacements, and
there will be no single value for the free-end deflection. Thin cantilevers are also
susceptible to breakage during fabrication.
Ribbed cantilevers (Refer Figure 2.1(b)) were investigated in [43, 44] as a means
of overcoming these problems. Cantilevers having alternate thin and thick sections
were simulated using the Finite Element Method (FEM). It was shown that ribbed
cantilevers could achieve a deflection comparable to that of a thin beam, while
reducing arching to a level comparable to that of a thick beam.
(a) The arching effect (b) Different ribbed cantilevers
Figure 2.1: Arching and ribbed cantilevers [43].
In another similar approach, grooves were milled on the cantilever surface, and an
improved response was obtained [13]. Rectangular silicon microcantilevers measur-
ing 200 µm ×50 µm×1.5 µm were used in this investigation. Using focused ion
beam (FIB) milling, grooves of 200 nm, 400 nm and 600 nm were created on the
100 µm nearest the fixed end of the cantilever. Figure 2.2 shows a portion of a
milled cantilever.
After chemical functionalisation and reacting with the analyte, the unmodified
beams showed no clear measurable response while measurable deflections were ob-
served in the milled beams. It was also observed that while the grooves increased
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Figure 2.2: Microcantilever with milled grooves [13].
sensitivity, it also made the cantilevers noisier. The resonant frequencies of grooved
cantilevers were found to be lower than the unmodified beams, which explains the
decrease of noise immunity. The response was also found to depend on the groove
dimensions, highlighting the need to optimise the scale of the features.
Increasing the deflection of cantilevers by introducing surface modifications was
reported in [45]. Gold nanostructures were formed on the surfaces using two ap-
proaches: binding a layer of gold nanospheres with a mean diameter of 20 nm or by
forming a granular gold film. These nanostructures achieved a 13-fold increase in
surface area, and a 6-fold increase in receptor density. The measured deflection was
two orders of magnitude greater than that of microcantilevers with smooth surfaces.
Thus, there have been several different methods reported to increase the deflection
of cantilevers. However, when deflections have been increased by making structural
modifications to the cantilevers, it has resulted in an increase in noise. No analyti-
cal study has been reported to optimise the form of these structural modifications.
Currently, no principle is known by which the deflection of cantilevers can be in-
creased while maintaining a high resonant frequency, in order to maintain a high
noise immunity.
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2.3 Cantilever response detection methods
The read-out system used to measure the deflection of disposable cantilever sensors
must meet several conditions. Firstly, it should be possible to couple the read-
out system with the disposable cantilevers easily for deflection measurements to be
made. The measurement technique must have an adequate resolution to measure
the minimum expected deflection, and must have an adequate range to measure the
largest deflection. Ideally, the technique must not impose any special fabrication
requirements on the cantilevers.
A number of different read-out techniques to measure the response of microcan-
tilevers have been reported in the literature, and the most common ones are sum-
marised below. Their relative merits and demerits are discussed from the viewpoint
of meeting the above requirements.
2.3.1 Capacitive
The deflection of cantilevers can be measured by a parallel plate capacitive arrange-
ment [46]. The cantilever is arranged as a moving electrode in the proximity of
one or more fixed electrodes, separated by a dielectric. As the beam deflects, the
separation between the electrodes changes, which causes its capacitance to change.
Often, a differential capacitive arrangement is used. Three electrodes are used in
this configuration, two of which are fixed and the third is movable. The fixed
electrodes form one capacitor, while the movable electrode forms a capacitor with a
fixed electrode. The differential signal obtained from the two capacitors cancel out
common-mode noise effects as discussed earlier.
Capacitive sensors consume less power than optical and piezoresistive methods [47],
and are best suited when the sensors can be reused. A separate electronic circuit
should be connected to the cantilever to read the capacitance value. Generally an
Application Specific Integrated Circuit (ASIC) is fabricated alongside the cantilevers
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for this purpose [48]. Several cantilevers can be connected as an array to use the
same read-out circuit. Thus it is possible to develop complete sensors in a single
package [47].
However, capacitive methods cannot be employed in electrolytic solutions. Further,
since the measured capacitance depends on the dielectric constant of the medium
between the capacitor plates and the area of the plates, there is a high degree of
variability between sensors. Therefore each device has to be calibrated prior to
measurements being made. If a capacitive measurement technique is used with
disposable cantilever sensors, a physical electrical connection must be established
between the cantilevers and the external measurement electronics, properly insulated
to avoid any contact with fluidic cells. These requirements make fabrication and
packaging expensive, and makes the technique less attractive for disposable sensors.
2.3.2 Piezoresistive
Measuring the deflection of cantilevers using piezoresistive sensors is also widely
reported in the literature [20, 49, 50]. A set of piezoresistors is fabricated close
to one surface of the cantilever. As the cantilever deflects, the stresses on its sur-
faces change, which cause the resistances of piezoresistors to change. Using a simple
Wheatstone Bridge, the change of resistance can be measured. When the piezore-
sistive constants are known, the deflection of the microcantilevers can be calculated.
The piezoresistive method is well suited when the entire measurement system needs
to be integrated into a single IC. The piezoresistors can be fabricated on the can-
tilevers, and the bridge circuit can be fabricated on the same chip. Piezoresistive
sensors do not require alignment, and are simple to operate. They are not affected
by the electrical conductivity nor by the optical properties of the media, and hence
can be used in liquids, including opaque ones [20].
Fabricating piezoresistors on a cantilever is a complex process, as can be seen
from [20, 51]. This makes fabrication expensive, and is the main limitation of the
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piezoresistive measurement technique. If used with disposable sensors, a physical
electrical connection must be established between the cantilevers and the external
read-out circuitry. Further, when used in liquid environments, these electrical con-
nections have to be insulated. Like the capacitive measurement technique, piezore-
sistive measurement is unattractive for use in disposable sensors.
2.3.3 Optical lever method
This is the most widely reported technique to measure the deflection of cantilevers.
For example [12, 13, 15, 28, 45, 52] employ the optical lever method for measure-
ments. A portion of the cantilever is coated with an optically reflective material,
typically gold. A laser beam is focused onto this section, and a Position Sensi-
tive Photo Detector (PSPD) is aligned with the reflected laser beam. When the
cantilever deflects, the reflected beam moves in proportion to the deflection of the
microcantilever [52]. A schematic diagram of the optical lever method is shown in
Figure 2.3. The displacement of the reflected beam can be traced by the PSPD.
Sub-nanometer resolutions have been reported using the optical lever method [28].
Figure 2.3: Schematic diagram of the optical lever method [53].
The optical level method does not require modifications to the cantilever (apart
from a reflective coating if required), nor special circuitry to be fabricated into the
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chip. The read-out is not affected by the electrical conductivity of the medium.
Further, since the cantilevers and measurement systems are coupled optically, no
physical contact between the read-out instrument and the cantilevers is required,
greatly simplifying the packaging of sensors.
There are, however, several disadvantages of this method. The optical elements and
the alignment instruments are bulky and expensive. Two alignment are required
when using this method: the laser has to be precisely focused onto a known position
on the cantilever, and PSPD has to be aligned with the reflected beam. These
two alignment steps require precise instrumentation, and is difficult to automate.
Further, to relate the measurement of the PSPD to the actual deflection of the
cantilever, the distance between the cantilever and the PSPD, the incident angle of
the laser and the refractive index of the media have to be accurately known. Optical
techniques can only be used in transparent media. This method is also unsuitable
when the refractive index of the medium is variable.
It is also difficult to make a differential measurement, or monitor an array of can-
tilevers simultaneously using the optical lever method, as each cantilever requires
a laser source and read-out system. In [21, 22] a time multiplexed array of lasers
was used, and the responses were measured using a single PSPD as a means of
overcoming this problem.
In a variation of this principle, a fibre optic displacement sensor was used to measure
displacements [54]. The sensor head consists of a bundle of optical fibres, some of
which were connected to a laser source while the others were connected to photo-
diodes. Light coming from the transmitting fibres was reflected by the cantilever,
and was captured by the receiving fibres. As the cantilever deflected, the propor-
tion of light entering each receiving fibre changed, which gave an indication of the
deflection.
The diameter of the fibre optic bundle limits the resolution. With a bundle diameter
of 150 µm, displacements in the order of 100 µm were measured. This technique
lacks the fine measurement resolution needed for MEMS cantilever sensors.
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2.3.4 Optical interferometry
The deflection of cantilevers can also be measured by optical interferometry. A refer-
ence laser beam interferes with the reflected beam from the cantilever. The resulting
interference pattern can be used to determine the deflection of the cantilever, and
resolutions in the sub-angstrom range have been reported.
In [55] an interferometric deflection measurement method using an optic fiber is
reported. The optic fibre is placed approximately 10 µm above the cantilever. A
small fraction of the light is reflected back into the fibre by the glass-air interface
at the end of the fibre. The remaining light exits the fibre, gets reflected off the
cantilever and re-enters the fibre. These two reflected waves interfere. The optical
power at the detector depends on the phase difference between the two waves, which
is determined by the gap between the fibre and the cantilever. This arrangement is
schematically shown in Figure 2.4.
Using a similar arrangement, displacements of approximately 1 nm were measured
in [56], while sub-angstrom resolutions were achieved in [57].
However, the optical fibre needs to be positioned within a few micrometers of the
cantilever for measurement, and the fibre has to be properly aligned and oriented.
The fine adjustments require precise instruments and microscopic observation during
setup. Further, the method loses sensitivity in liquids, limiting its use in biosensors.
A different interferometric technique using an interdigital cantilever (IDC) array
for Atomic Force Microscopes was proposed in [58]. This structure consisted of
two main cantilevers, each having a set of fingers attached to it. The fingers on
one cantilever were arranged in an interdigital pattern with the fingers of the other
cantilever. Figure 2.5 shows an image of an IDC. The outer cantilever was movable
with an external force, while the inner cantilever remained stationary.
A laser beam was focused on to the interdigital fingers. The diffracted modes were
captured by photodiodes. As the outer cantilever deflected, the interdigital fingers
formed a phase sensitive diffraction grating. The intensity of the diffracted modes
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Figure 2.4: Schematic diagram of the fibre-optic interferometric sensor [55].
changed with the deflection.
Further work on the interdigital cantilever was reported in [60], where the noise-
limited minimum detectable deflection was calculated to be 0.1 A˚. It was shown
that this arrangement required only a coarse alignment of the optical devices. It
was further demonstrated that since the interdigital arrangement was essentially
differential in nature, common-mode noise such as mechanical noise and laser noise
were reduced.
An interdigital arrangement of cantilevers was also used in [61]. It was shown that
thermal drifts could be eliminated by this technique, as the measurements were
inherently differential. Further, the IDC technique requires only a single measure-
ment from a crudely aligned photodiode, while the optical lever method requires
the measurement of the deflection of two cantilevers from a precisely aligned optical
system to make a differential measurement. A Signal to Noise Ratio (SNR) of 18
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Figure 2.5: Micrograph of an interdigital cantilever [59].
was achieved for an IDC, while the SNR achieved for the optical lever was 3.
Like other optical methods, interferometric methods can only be used in transparent
media. If the fluids can be flushed out of the reaction cell before taking deflection
measurements, this limitation can be overcome. A further limitation of interfero-
metric methods is the measurement range. Since the interference patterns are cyclic
with the wavelength, absolute deflection measurements are limited to a single wave-
length. While fringe counting, as used in traditional interferometric arrangements
such as the Michelson Interferometer, can be used to measure much larger deflec-
tions, it requires continuous monitoring of the cantilever deflections. In a situation
where the fluid has to be flushed out before taking measurements, the fringe counting
technique becomes unusable.
In order to reduce the cost of optical measurement systems, several groups have
investigated the possibility of using optical heads of CD/DVD drives as high reso-
lution, low cost measurement devices. In [62], it was reported that the Focus Error
Signal (FES) of commercial CD drives could be used take measurements in the order
of 10’s of micrometers.
A more comprehensive investigation of using a CD head was reported in [63]. Refer
Figure 2.6. When the laser beam is focused on the measured surface, the beam
scatters equally on the four quadrants on the photodiode. When the laser is out
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of focus, the tilted glass plate creates an astigmatic beam, which is elliptical. The
Focus Error Signal (FES) is given by
FES = (A + C)− (B +D)
where A,B,C and D are the outputs of the four quadrants. This method was shown
to have a resolution of 10 nm.
Figure 2.6: Schematic of a CD optical head arrangement, together with (a)
in-focus pattern and (b,c) out-of-focus patterns at the photo detector [63].
In [64], a DVD head was used to characterise microcantilevers. Measurement reso-
lutions of 1 nm in air and 2 nm in water were reported.
The advantages and disadvantages of the main methods of cantilever deflection
measurement are tabulated in Table 2.3.
From the analysis of the different methods, it can be seen that only the optical
methods do not require any specially fabricated cantilevers, which keeps the unit cost
low. No physical connection between the cantilevers and the read-out instrument is
required, simplifying the packaging of the sensors. Of the different optical methods,
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Table 2.3: Comparison of the main deflection measurement techniques
Method Advantages Disadvantages
Capacitive Easy to integrate with on-
chip electronics
Can’t be used in conductive
media
Uses very little power Need special fabrication
Can measure an array of
cantilevers
Need to calibrate for dielec-
tric variations
Need electrical connection









Can measure an array Need electrical connection
with read-out circuit
No alignment requirement
Optical lever Sub-angstrom resolutions Precise alignment required
Simple to implement Difficult to automate
No special fabrication re-
quired




Affected by refractive index
of medium




Only rough alignments re-
quired
Doesn’t work in translucent
liquids
Sub-nanometer resolutions
No special fabrication re-
quired
Non-contact coupling
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the interferometric cantilever array method is the most attractive to measure the
deflection of disposable cantilever sensors. It only requires a coarse alignment of
the optical elements. It has a high resolution and the measurements are inherently
differential in nature. However, its measurement range is limited to a quarter of the
wavelength of the optical source. With a 650 nm source, the maximum measurable
deflection is 162.5 nm, which is inadequate to measure some of the large deflections
presented in Table 2.1. Since this method cannot be used in translucent media,
the liquids have to be flushed out of the reaction cells before measurements can be
taken.
2.4 Disc-based systems
In addition to using CD heads for optical measurements, interest has been shown in
replicating entire biosensing systems on optical disc drive platforms. The optics of
a CD/DVD drive can be regarded as a laser-scanning microscope. The centrifugal
force generated by the spinning disc can be utilised in centrifugal filtering, microflu-
idic flow control and fluid mixing. A micro-array of sensors can be implemented on a
single disc to conduct a broad range of tests simultaneously. Such a biosensor based
on compact discs was reported by Burstein Technologies [65]. A standard CD/DVD
reader was used with a custom made BioCompact Disc (BCD) together with spe-
cial software to identify and quantify biochemical species. The BCD contained a
large number of “Array Spots” that capture probes, for example DNA strands, of
interest. The sample under test was treated with Biotin that made the target DNA
molecules receptive to large Reporter Microspheres. When the sample was brought
into contact with the BCD, target DNA strands in the sample hybridized (combine
through hydrogen bonding) with the complementary capture probes on the BCD.
Reporter Microspheres were then introduced, which bound with the hybridized DNA
molecules. Array spots in both hybridized and bound states are shown in Figure
2.7.
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Figure 2.7: Principle of the BioCompact CD [63].
The presence of microspheres was observed optically using the CD/DVD drives.
The concentration of the target DNA was determined by quantifying the number of
Reporter Microspheres.
A spinning disc platform, similar to a compact disc, was used by Varma et al [59, 66,
67, 68] to address the problem of low-throughput of biosensors. Radial gold spokes
were fabricated on a dielectric mirror. The thickness of these spokes was kept at
1/8th of the wavelength of the read-out laser. Antibodies were then immobilized
on some of the gold ridges. The BioCD, as the disc is called, was then exposed to
antigens, that bound with the immobilized antibodies.
The BioCD was mounted on a photo-resist spinner, and an optical measurement
system was arranged as in Figure 2.8. When the laser beam fell on the edge of
a spoke, the measured intensity reduced by 50 %, since light reflected from the
reflective substrate and the gold ridge interfered with a phase difference of π/2.
When the the laser fell on ridges with bound antibodies, the intensity of the reflected
light decreased further. It was demonstrated that the reduction in intensity was due
to interference, and not scattering of light, by changing the height of the ridges to
3λ/8, in which case the intensity drop was less than 50%.
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Figure 2.8: (a) Schematic of the gold spokes on the BioCD. (b) Schematic of
optical detection system [59].
When the BioCD was spun at a rate of 6000 rpm, sampling rates of 100,000 samples
per second were achieved. However, wobbling of the disc caused optical misalign-
ments and induced a DC shift into the measurement. The use of high-stability
spinners was suggested as the solution. Further, to measure the concentration of
a species, the number of positive signals must be counted. Unlike cantilever–based
sensors, a single measurement cannot yield the concentration of the analyte.
Thus, there have been several reports of biosensors being implemented on disc-based
platforms. Forces generated by the the spinning discs enable microfluidic operations,
while the optics provide a cheap measurement technique.
2.5 Conclusions
In this literature review, a range of cantilever sensors and their performances were
presented. Microcantilever sensors based on the deflection method were identified as
being more suitable for biosensing applications than sensors based on the resonant
frequency method. The analysis of cantilever sensors highlighted that to achieve
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stable deflections within a few minutes, the reaction volumes for some analytes
should be made smaller. This results in much smaller cantilever deflections than
reported in the literature. To enable measurement of these deflections using a simple
device, the cantilever deflections should be increased.
It was further noted that the resonant frequency of cantilevers should be increased to
achieve higher noise immunities, and thereby higher sensitivities. Several methods
reported in the literature to increase the deflection of cantilevers were presented,
and these methods were noted to decrease the resonant frequency of cantilevers. A
method to achieve larger deflections and larger resonant frequencies simultaneously
is currently unknown.
The review of several deflection measurement techniques found the interferometric
cantilever array method to be the most suitable method to measure the deflection of
disposable cantilever sensors, provided the reagents can be flushed out before mea-
surements are taken. However, the measurement range is limited to about 160 nm,
which prevents the measurement of large cantilever deflections.
Disc-based platforms can be used to implement entire sensor arrays with integrated
microfluidics and cheap optical read-out devices. However, the inherent vibrations
require that the cantilevers have higher resonant frequencies to minimise errors due
to vibrational noise.
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The need to be able to selectively modify the deflection of a microcantilever while
maintaining noise immunity was mentioned in the Introduction of this thesis. The
Literature Review highlighted that noise immunity was directly related to the res-
onant frequency of microcantilevers. It was also noted that all of these conditions
cannot be met simultaneously by simply changing the dimensions of the cantilever.
In the first part of this Chapter, this problem is investigated in detail to understand
the cause of the inverse relationship between the deflection and the resonant fre-
quency of cantilever beams. A new metric is proposed to compare the utility value
of microcantilevers. From these investigations, a principle is derived by which the
deflection and the resonant frequency of a cantilever can be enhanced simultane-
ously by making structural modifications to the cantilevers. A qualitative proof of
the principle is presented.
To analyse and optimise the dynamics of these non-prismatic microcantilevers (ie.
those not having a constant cross section throughout their length) for sensor ele-
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ments, the actual deflection and resonant frequency needs to be quantified. Analyti-
cal expressions to describe the deflection and resonant frequency of prismatic micro-
cantilevers are well known. Methods to determine the deflection of non-prismatic
beams due to loading are well established [1]. However, these methods consider
loading by forces and moments, and not surface stresses as is the case with MEMS
sensors of interest. Analytical modelling of the deflection of microcantilevers due
to surface stress has been addressed in the literature [2], but has been limited to
uniform or prismatic beams.
Vibrations and resonance of non-prismatic beams have been studied for a long time
in structural engineering [3, 4]. General analytical methods are available [5] that can
be used to compute the resonant frequency of non-prismatic beams. The resonant
frequencies of cantilevers with exponentially varying widths were reported in [6].
In [7], the resonant frequencies of step-cantilevers was determined. However, these
methods require the solution of a set of complicated equations. Thus, simple an-
alytical models to describe the dynamics of non-prismatic microcantilevers are not
available in the literature.
Therefore, in the second part of this Chapter, modelling of the dynamics of non-
uniform microcantilevers is investigated. Three analytical models are developed
for non-prismatic microcantilevers that describe the deflection due to a point load,
deflection due to a surface stress and the resonant frequency. Numerical results
obtained from these models are then compared with results obtained from finite
element method (FEM) simulations using the ANSYS R© Multiphysics TM software
suite. These results are also used to characterise the variations of cantilever dynamics
with structural modifications.
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3.2 Deflection and resonant frequency of micro-
cantilevers
The deflection t of a rectangular microcantilever of length L, width b and thickness
h having a differential surface stress ∆σ across the top and bottom surfaces is given





where E is the Young’s modulus and ν is the Poisson’s ratio of the microcantilever











where ρ is the density of the material.
It can be seen from Equations (3.1) and (3.2) that the beam has to be made longer
and thinner to increase deflection, but these cause the resonant frequency to de-
crease. Thus, although it is desirable to have a microcantilever with a large deflec-
tion together with a high resonant frequency, both parameters cannot be increased
simultaneously by changing the dimensions of the beam.
It was highlighted in the Literature Review that both the deflection and the resonant
frequency of microcantilevers should be maximized when used as sensor elements—a
large deflection simplifies measurement and the high resonant frequency makes the
beam immune to vibrational noise. Thus the real utility value of a microcantilever
is best indicated by the product of the deflection t and the resonant frequency f0,
rather than by either parameter individually. It is easy to show from Equations (3.1)
and (3.2) that
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Thus the only dimension of a cantilever that affects its utility factor t · f0 is its
thickness h, and the largest utility factor is achieved by using the thinnest possible
beam.
As an example, consider a silicon cantilever which has the following properties:
L = 100 µm b = 20 µm h = 2 µm
E = 165 GPa ρ = 2330 kgm−3 ν = 0.22
Let the surface stress be ∆σ = 0.04 µN/µm. Then from Equations (3.1), (3.2) and
(3.3), the following values are obtained:
Deflection : t = 1.42 nm
Resonant frequency : f0 = 267 kHz
t · f0 value : t · f0 = 380 nm.kHz
Suppose the thickness of the beam is now reduced to 1 µm. Then the deflection
quadruples, resonant frequency halves and the t · f0 value doubles:
Deflection : t = 5.67 nm
Resonant frequency : f0 = 134 kHz
t · f0 value : t · f0 = 760 nm.kHz
This thinner beam has a larger deflection but a lower resonant frequency compared
with the thicker beam considered earlier. Since the thinner beam has a larger t · f0
value, its deflection can be traded-off with resonant frequency by changing the length
of the beam. The t · f0 value remains unchanged as it is independent of the length
of the beam. If, for example, the length L is reduced to 60 µm, the following
characteristics are obtained:
Deflection : t = 2.04 nm
Resonant frequency : f0 = 372 kHz
t · f0 value : t · f0 = 760 nm kHz
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Clearly, this beam has a larger deflection as well as a higher resonant frequency com-
pared with the first beam. This example demonstrates the importance of considering
the t · f0 value when comparing microcantilever properties.
The largest t·f0 value is obtained by having the minimum possible thickness h for the
beam. The minimum achievable thickness of a cantilever is determined by strength,
stability and fabrication considerations. When using a uniform cantilever with the
minimum possible thickness, the deflection and resonant frequency values can be
traded-off with each other by varying the length. But both parameters cannot be
enhanced simultaneously and no deflection–frequency combination can be achieved
that exceeds the t · f0 value determined by Equation (3.3).
In the following section, the reasons for this interdependency are investigated, with
a view of determining a principle that can be used to increase both the deflection
and the resonant frequency simultaneously.
3.2.1 Analysis of cantilever dynamics using the spring con-
stant
The problem can be better understood by using the beam’s spring constant. By
definition, the spring constant is the force required to achieve a unit displacement.
Therefore, to achieve a larger deflection, the spring constant of the beam has to be
reduced. In the case of microcantilevers, the normal spring constant k is defined
when a point load is applied on the free end of the beam. The deflection t of a





where L is the length of the beam, E is the Young’s modulus and I is the moment
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For a cantilever having a rectangular cross-section, the moment of area I is given











It can be seen from Equation (3.7) that when either the length L is increased or
the thickness h is decreased, the spring constant decreases, and hence the deflection
increases, as discussed earlier.
The expression for the resonant frequency of the beam given by Equation (3.2) can








where m is the mass of the beam given by m = Lbhρ. If the length of the beam
is increased to achieve a larger deflection, the mass of the beam increases and the
spring constant decreases, so the resonant frequency decreases. On the other hand if
the thickness of the beam is decreased, the mass decreases proportionately while the
spring constant decreases in proportion to h3 as seen from Equation (3.7). Since the
reduction of the spring constant is greater than the reduction in mass, the resonant
frequency decreases according to Equation (3.8). This shows why the resonant
frequency decreases when the deflection is increased by changing the dimensions of
the beam.
Now if both the deflection and the resonant frequency are to be increased simulta-
neously, the spring constant should be reduced in a manner that reduces the mass
by a greater factor. Alternatively, the mass of the cantilever has to be reduced
in a manner that reduces the spring constant by a smaller factor. This principle
can be used to obtain cantilevers that have larger deflections and higher resonant
frequencies compared with uniform cantilevers.
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It is more intuitive to alter the mass of a cantilever than to alter its spring constant,
so the principle of reducing the mass by a larger factor than the spring constant is
followed from this point onwards. The mass of the beam can be reduced by removing
material from the cantilever. If this can be done in a manner that reduces the spring
constant by a smaller factor, both the deflection and the resonant frequency can be
enhanced simultaneously.
It is well known that the free end of a beam contributes little towards its deflection.
Suppose a small groove is etched at the free end of the beam to create a step
cantilever, as shown in Figure 3.1. Then the mass of the cantilever will be reduced.
However, the deflection will remain almost unchanged and hence the spring constant
will remain unchanged. As a result, the resonant frequency and hence the t ·f0 value
of this modified beam will be greater than the original uniform beam.
Figure 3.1: A Step Cantilever made by etching a groove at the free end.
The above analysis proposes a mechanism by which the deflection and the resonant
frequency can be enhanced simultaneously. It should be noted that the resonant
frequency given by Equation (3.8) is valid only for uniform, rectangular beams.
While the basic equations presented above are adequate to analyse the dynamics of
non-uniform cantilevers qualitatively, they cannot be used for quantitative analyses.
Thus, these standard equations cannot be used to estimate the improvement of
the t · f0 value nor to determine the optimal form of the groove. In the following
sections, new analytical models are developed to quantify the deflection and resonant
frequency of cantilevers with grooves.
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3.3 Model of a perforated microcantilever
In this analysis, a rectangular, prismatic cantilever is considered. The cantilever is
of length L, width b and thickness h. For generality, structural modifications are
introduced into the microcantilever in the form of perforations. To keep the analysis
simple, the perforations are assumed to be cuboidal. All perforations are assumed
to be geometrically identical and their length, width and depth are parametrically
defined by ηL, βb and γh respectively. The separation between perforations is
denoted by λL and the distance to the first perforation from the fixed end is αL.
Figure 3.2 shows a sketch of a beam with a line of such perforations.
Figure 3.2: Model of a perforated microcantilever.
3.4 Analytical models for cantilever deflection
3.4.1 Moment–Area method
The moment–area method is a semi-graphical approach that can be used to calculate
the deflection of cantilever beams [1, 8, 9]. This method is particularly useful when
the beam is non-prismatic and is used here to develop analytical models for the
deflection of perforated cantilevers.
When loads are applied to cantilevers, internal shear forces and bending-moments
develop in the beam. These forces and moments, in general, vary from point to point
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along the axis of the cantilever. A moment diagram is a plot of the bending-moment
M along the length of the cantilever. An example is shown in Figure 3.3(b).
An M/EI curve (Figure 3.3(c)) is obtained by dividing the internal moment M at
every point along the cantilever length by the flexural rigidity EI at that point. E is
the Young’s modulus of the material and I is the moment of area of the cross-section
at that point, and is computed about the neutral axis of that cross-section.
Figure 3.3: (a) A cantilever with a point load at the free end, (b) the bending-
moment diagram and (c) the resulting M/EI diagram.
The deflection t of a point P on the microcantilever with respect to a point Q is







The area under the M/EI diagram between points P and Q (the shaded area in
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Figure 3.3(c)) represents the integral. x is the distance from point P to the centroid
of the area under the M/EI diagram between P and Q.
When point P is at the free end and point Q is at the fixed end, Equation (3.9)
gives the tip deflection of the microcantilever. Then, x is the distance from the
free end to the centroid of the M/EI diagram and the integral represents the entire
area under the M/EI diagram. This technique is used as the basis to formulate
analytical models for the deflection of perforated microcantilevers.
3.4.2 Deflection under a point load
Consider a perforated microcantilever with a point load F acting on its free end.
An analytical solution for the deflection tpl of this beam can be obtained using
the moment–area method, as detailed in section A.2.2 of Appendix A. When the
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where χ is given by
χ =
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
1− βγ (3.11)
When at least one dimension of the perforation (ie, β, γ or η) of Equation (3.10) is
made equal to zero, the standard equation for the deflection of a uniform beam under
a point load tpl,u = FL
3/3EI is obtained. Therefore, the deflection of a perforated
microcantilever with an end load can be expressed as follows:
tpl = ψpl · tpl,u (3.12a)
where,
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(3.12b)
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and
χ =
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
1− βγ (3.12c)
In these equations, ψpl represents the increase in deflection of a perforated micro-
cantilever compared to a prismatic beam having the same dimensions.
3.4.3 Model for deflection with surface stress
When a microcantilever is used as the sensing element in a biological or chemical
MEMS device, one face of the beam is functionalised to interact with the analyte.
This interaction results in a surface stress developing on that face. The resulting dif-
ferential surface stress across the functionalised and non-functionalised faces causes
the beam to deflect.
A study of modelling surface stresses was reported in [2]. The surface stress σ is
a force per unit length, with units Nm−1. Suppose a uniform surface stress σ acts
on one face of a microcantilever. Then the resultant tangential force in the axial
direction due to the surface stress is σ · b, where b is the width of the cantilever.
Refer Figure 3.4. Since the neutral axis of a rectangular cantilever is at a depth
h/2, this tangential force can be translated into an equivalent concentrated axial
force σb acting along the neutral axis of the beam, and a moment M = σbh/2 [2].
This same result is also obtained in [10, 11]. This equivalent bending-moment can
be used in the moment–area method to derive an expression for the deflection of
perforated microcantilevers.
To keep the surface stress acting on a uniform surface, perforations are introduced on
the non-functionalised surface of the beams. Then, it can be shown (section A.2.3,








)( 2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)]
(3.13)
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(a) Surface stress (b) Resultant tangential force
(c) Equivalent axial force and moment
Figure 3.4: Modelling surface stress. (a) The surface stress σ is a force per
unit length. (b) The resultant tangential force, that can be translated into (c) an
equivalent axial force and a moment.
By making at least one dimension of the perforation (ie, β, γ or η) zero in Equa-





This is the equation commonly known as Stoney’s equation. Therefore, the deflection
of a perforated microcantilever due to a surface stress can be expressed as follows:







)( 2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)]
(3.14b)
Here, ψss represents the improvement in deflection of a perforated microcantilever
compared to a prismatic beam having the same dimensions.
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3.5 Analytical model for resonant frequency
3.5.1 Rayleigh–Ritz method
The Rayleigh–Ritz method [5, 12, 13] can be used to obtain an approximate solution
for the resonant frequency of structures with complex geometries. This method is
based upon the principle of conservation of energy, and is an extension of Rayleigh’s
method.
Suppose the deflection curve of a cantilever is given by Y (x). The resonant frequency
















where A is the cross-sectional area of the cantilever and ρ is the density of the
material. As before, E is the Young’s modulus, I is the moment of area, and L is
the length of the cantilever.
The deflection curve should meet all the boundary conditions of the cantilever.
These conditions are that the deflection at the fixed end, the deflection gradient
of the fixed end, the bending-moment at the free end and the shear force at the
free end are all equal to zero. If x is measured from the fixed end, these boundary
conditions can be expressed as [12]:

































Then, the following expression is obtained from the Rayleigh–Ritz method for the
resonant frequency of perforated microcantilevers:
















{(α + η)9 − α9} − {(α + η)8 − α8}
+ 10 {(α + η)3 − α3} − 10 {(α + η)2 − α2}+ 5η]
+ 4 {(α+ η)7 − α7} − 8 {(α + η)6 − α6}+ 36
5
{(α+ η)5 − α5} ]
]1/2
(3.18)
where χ is given by Equation (3.12c). By making either β, γ or η equal to zero, the
cantilever is reduced to a uniform beam. By applying this condition to Equation











which agrees with the standard equation for the resonant frequency of rectangular
cantilevers [5, 12, 13]. Then, the resonant frequency of a perforated microcantilever
can be expressed as
f0 = fu ·
√
ψf (3.20a)
where ψf is given by
ψf =
[






{(α+ η)9 − α9} − {(α + η)8 − α8}
+ 10 {(α+ η)3 − α3} − 10 {(α + η)2 − α2}+ 5η]
+ 4 {(α + η)7 − α7} − 8 {(α + η)6 − α6}+ 36
5





1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
1− βγ (3.20c)
The complete derivation of this model is given in section A.3 of Appendix A.
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3.6 Validation and characterisation
The analytical models developed above were validated by comparing numerical val-
ues obtained using these models with simulated values obtained using Finite Element
Method (FEM) software. Using the results of both techniques, variations of micro-
cantilever deflection and resonant frequency with perforation parameters have been
characterised.
A nominal cantilever was selected for this analysis, and it was assumed to be made
of silicon. The dimensions and material properties of the selected cantilever are
presented in Table 3.1.
Table 3.1: Specifications of the cantilever used in the analysis.
Property Value
Cantilever length, L 100 µm
Cantilever width, b 20 µm
Cantilever thickness, h 2 µm
Young’s modulus, E 165 GPa
Density, ρ 2330 kgm−3
Poisson’s Ratio, ν 0.22
A nominal perforation having the following parameters was selected for this inves-
tigation:
• Perforation location, α = 0.8
• Perforation width, β = 0.8
• Perforation depth, γ = 0.2
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• Perforation length, η = 0.2
This nominal perforation constitutes 0.8× 0.2× 0.2 = 0.032 = 3.2% of the volume
of the cantilever.
To characterize the effect of perforation parameters on cantilever response, each
parameter was varied across its entire range keeping all other parameters at the
nominal values listed above. Numerical values for the deflection and resonant fre-
quency of each of these perforated microcantilevers were calculated using the ana-
lytical models. These microcantilevers were then simulated using the FEM software
package ANSYS R© Multiphysics TM. Results obtained from these two methods were
compared to validate the analytical models.
3.6.1 Range of parameter values
The perforation parameters were defined as fractions of cantilever dimensions in Sec-
tion 3.3. The maximum width a perforation can take is the width of the cantilever.
Thus, the range for the perforation width factor β is 0 ≤ β ≤ 1. Similarly, the
range of the perforation length factor η is 0 ≤ η ≤ 1. When the perforation depth
factor γ = 1, the perforation becomes a through hole. However, since perforations
are made at the free end, this results in the creation of two fingers at the free end.
To avoid this condition, the range of perforation depths was taken as 0 ≤ γ ≤ 0.95.
3.6.2 Modelling in ANSYS
ANSYS Multiphysics is a widely used Finite Element Method (FEM) software suit.
It has the capability to model and simulate components as well as entire systems,
take different kinds of loads and predict the physical response of those devices. AN-
SYS (Release 11) was used to simulate the dynamics of perforated microcantilevers.
The cantilevers were modelled in three dimensions in ANSYS, and the material
properties were specified. The fixed end of the cantilever was defined by specifying
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all degrees of freedom of the vertical wall on the left edge to be zero. The perforations
were created by removing sections from the base cantilever geometry.
Element type SOLID-98 was used to mesh the model. This is a tetrahedral element
with 10 nodes that can be used to mesh complex 3-dimensional shapes. It supports
loads at each of the 10 nodes, and has displacement degrees of freedom in all 3
dimensions. A meshed, perforated cantilever is shown in Figure 3.5.
Figure 3.5: A meshed model of a perforated cantilever. A coarse mesh is shown
for clarity.
ANSYS does not have the capability to directly model surface stresses. Therefore,
the effect of surface stresses was modelled by applying point forces, tangential to
the top surface, on the nodes along the top edges of the cantilever [14]. The surface
stress was assumed to be 0.04 µN/µm. The force to be applied at each node was
determined by multiplying the surface stress by the length of the edge and dividing
by the number of nodes along that edge. As an example, the free edge of the
cantilever shown in Figure 3.5 is 20 µm in length and has 11 nodes. Therefore,
the force on each node is 0.04 × 20/11 = 0.072 727 µN. The surface stress has to
be applied on a uniform surface. Therefore, the surface stress was applied on the
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bottom surface. A cantilever with a simulated surface stress acting on its bottom
face is shown in Figure 3.6.
Figure 3.6: A cantilever with a simulated surface stress acting on its bottom
surface.
3.7 Validating model for deflection with point load
To validate the analytical model for deflection under a point load, a nominal force
of 10 nN was applied at the free end of the cantilever. Figures 3.7–3.9 plot the
variations of the calculated cantilever deflections with perforation width, depth and
length respectively.
It can be seen from Figures 3.7 and 3.8 that the deflection increases as the perforation
width (β) or perforation length (η) is increased. Figure 3.9 shows that the deflection
initially increases as the depth of the perforation is increased. However, in the region
0.5 < γ < 0.75, the analytical model predicts a slight decrease in deflection with γ
while the FEM results predict a decrease in the rate of increase of deflection.
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Figure 3.7: Variation of deflection with perforation width (β) for a point loaded
beam. [α = 0.8, γ = 0.2, η = 0.2]



















Figure 3.8: Variation of deflection with perforation length (η) for a point loaded
beam. [α = 0.8, β = 0.8, γ = 0.2]
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Figure 3.9: Variation of deflection with perforation depth (γ) for a point loaded
beam. [α = 0.8, β = 0.8, η = 0.2]
In each case, the analytical method shows larger deflections than the FEM simulated
results. The results obtained from the analytical model were within 1% of the results
obtained using ANSYS. These results show that the analytical model is in good
agreement with the simulations.
The spring constant of a cantilever is inversely proportional to the deflection under a
point load. Thus, this analytical model can also be used to obtain accurate estimates
of the spring constant of perforated beams.
3.8 Validating model for deflection with surface
stress
Variations of deflection with perforation parameters for cantilevers under a surface
stress are presented in Figures 3.10–3.12. Figures 3.10 and 3.11 show that the
deflection monotonically increases as the perforations are made wider or longer,
respectively. As the perforation is made deeper, the deflection initially increases, as
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seen from Figure 3.12. In the approximate region 0.55 < γ < 0.75, the deflection
slightly decreases as the perforation is made deeper. When the perforation is made
deeper than γ ≈ 0.75, the deflection increases sharply.
This observation can be explained as follows. The neutral axis of a prismatic beam
is at a depth of h/2. When a perforation with γ ≪ 1 is introduced, the neutral axis
moves slightly downwards. As γ is increased, the neutral axis moves further down.
When γ = 0.5, the neutral axis reaches its lowest position. With further increases in
γ, the neutral axis begins to shift upwards again, and when γ = 1, reaches h/2. The
moment of area I is computed about the neutral axis. In the vicinity of γ = 0.6, the
M/EI tends to decrease with increasing γ (refer Figure A.8 in Appendix A), which
causes the deflection to decrease.




















Figure 3.10: Variation of deflection under surface stress with perforation
width (β). [α = 0.8, γ = 0.2, η = 0.2]
In each case, the analytical model predicted a lower deflection than that predicted
by the FEM simulation. Both methods produced comparable results, with the
maximum difference between the results obtained from the two methods being 6%.
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Figure 3.11: Variation of deflection under surface stress with perforation
length (η). [α = 0.8, β = 0.8, γ = 0.2]


















Figure 3.12: Variation of deflection under surface stress with perforation
depth (γ). [α = 0.8, β = 0.8, η = 0.2]
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3.9 Validating model for resonant frequency
The variations of resonant frequency with perforation parameters are shown in Fig-
ures 3.13–3.15. It can be observed from Figures 3.13 and 3.15 that the resonant
frequency increases as the width or depth of a perforation at the free end is in-
creased. Figure 3.14 shows that when a short perforation is made at the free end,
the resonant frequency increases. The resonant frequency initially increases with
the perforation length and reaches a peak value. A further increase of perforation
length causes the resonant frequency to decrease, eventually becoming smaller than
the resonant frequency of the original unperforated beam. The analytical model
predicts the peak frequency to occur at η ≈ 0.5, while FEM predicts the peak at
η ≈ 0.4.






















Figure 3.13: Variation of resonant frequency with perforation width (β). [α =
0.8, γ = 0.2, η = 0.2]
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Figure 3.14: Variation of resonant frequency with perforation length (η). [α =
0.8, β = 0.8, γ = 0.2]























Figure 3.15: Variation of resonant frequency with perforation depth (γ). [α =
0.8, β = 0.8, η = 0.2]
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The differences between the values derived analytically and from the simulations
were generally less than 1%, and the FEM simulations predicted higher resonant
frequencies than the analytical calculations. The exception was for the variation of
the resonant frequency with perforation length η (Figure 3.14), where the maximum
difference between the results from the two methods was 4%, and the analytical
model predicted a higher resonant frequency for cantilevers with long perforations.
The nominal perforation was 3.2% of the volume of the cantilever, and the largest
perforation considered was 16% of the original beam. Results obtained from the an-
alytical models compare well with FEM results for these small perforations. How-
ever, if much larger perforations are considered, the microcantilevers will deviate
from ideal behaviour which the analytical models assume, and will produce inac-
curate results. In general, the techniques used to model microcantilever dynamics,
particularly for deflection with surface stress, have been shown to be valid.
3.10 Summary
In this chapter, the dependence of the deflection and the resonant frequency of a
microcantilever on its dimensions were investigated. It was shown that the t · f0
value of a cantilever provides a better indication of the beam performance than the
deflection or resonant frequency considered individually. It was determined that the
the deflection, the resonant frequency and thereby the t ·f0 value of a cantilever can
be simultaneously increased by reducing the mass of the cantilever in a manner that
reduced the spring constant by a smaller factor. Mass can be reduced by creating a
perforation on the cantilever.
Three analytical models were developed to describe the deflection due to a point
load, the deflection due to a surface stress and the resonant frequency of a perforated
microcantilever. Numerical results obtained from these models were then compared
with simulated results obtained using the FEM software suite ANSYS. It was shown
that the analytical models produce results comparable with the simulated results,
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which were within 6% of each other.
The analytical models can be used to calculate the spring constant, the deflection
and the resonant frequency of perforated microcantilevers. It was also demonstrated
that the dynamics of microcantilevers can be accurately modelled using the methods
described in this Chapter.
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In the previous Chapter, it was qualitatively proposed that perforations can be used
to simultaneously increase the deflection and resonant frequency of microcantilevers.
Analytical models were then derived to quantify the spring constant, deflection and
resonant frequency of perforated beams. Results obtained from these models were
shown to be in good agreement with results obtained from finite element method
(FEM) simulations, which demonstrated the validity of the models and of the tech-
niques used to derive these models.
In this Chapter, these analytical models are used to investigate the dynamics of
cantilevers with perforations at the free end. Cantilever profiles are systematically
studied that achieve larger deflection–frequency combinations than simple prismatic
beams. Improved cantilever profiles are determined from these investigations. An-
alytical expressions are then derived to describe the dynamics of these improved
profiles, and are verified using FEM simulations. From the results of these investi-
gations, a novel cantilever profile for sensor elements is proposed.
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4.2 Dynamics of perforated beams
It was reasoned earlier in Chapter 3 that if the mass m of the cantilever can be
reduced in a manner that decreases the spring constant k by a smaller factor, then
both the deflection and the resonant frequency can be increased simultaneously. It
was also noted that this condition can be achieved by removing mass from the free
end of the beam.
In this section, the validity of this argument is investigated using the analytical
models developed in the previous Chapter. A silicon cantilever with dimensions
100× 20× 2 µm is considered. This beam has a mass of m = Lbhρ = 9.32 pg, and
a spring constant of k = Ebh3/4L3 = 6.6 Nm−1. Mass is removed from the beam
using perforations. It was seen in the previous Chapter that both the deflection
(Figure 3.10) and the resonant frequency (Figure 3.13) are maximized when the
perforation width is equal to the beam width (ie. β = 1). When such a perforation
is at the free end, it becomes a rabbet, and the cantilever becomes a step cantilever.
Figure 4.1 shows a cantilever with a rabbet.
Figure 4.1: A rabbeted cantilever.
4.2.1 Effect of rabbet length on mass and spring constant
Suppose a rabbet of length ηL is made at the free end of the cantilever. The thickness
of the rabbet is taken as 0.2 µm (γ = 0.1). The mass of the cantilever will vary in
direct proportion to the volume of the rabbet. The dashed line of Figure 4.2 plots
the fractional change of mass with the rabbet length.
CHAPTER 4. ANALYSIS OF NON-PRISMATIC CANTILEVERS 77
The spring constant of a rabbeted cantilever can be obtained from the analytical
model for deflection with a point load, given by Equation (3.12). The fractional
variation of the spring constant with the rabbet length is shown by the solid line
of Figure 4.2. When the rabbet is short, the spring constant changes very little,
as modifications to the free end of a cantilever have little effect on the deflection.
As the rabbet is made longer, the spring constant decreases sharply. It is evident
from Figure 4.2 that the spring constant of a rabbeted beam is always lower than
that of the simple prismatic beam. Therefore, a rabbeted beam will have a larger
deflection.



















Figure 4.2: Fractional variation of mass and spring constant with rabbet length.
It can be seen from Figure 4.2 that when the rabbet is less than half the length of the
beam (η < 0.528), the fractional change of mass is greater than the fractional change
of the spring constant. Therefore, by introducing a rabbet having 0 < η < 0.5 it
will be possible to achieve a larger resonant frequency than the original beam. Such
a rabbeted beam will also have a larger deflection, due to its lower spring constant.
The above investigations demonstrate that the mass of a microcantilever can be
made to decrease by a larger factor than the reduction of the spring constant. In
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the following section, the analytical models are used to obtain numerical results to
demonstrate the concept of increasing the deflection and resonant frequency simul-
taneously.
4.2.2 Deflection and resonant frequency of a rabbeted mi-
crocantilever
Suppose a differential surface stress ∆σ = 0.04 µN/µm develops across the faces of
the microcantilever. The variation of deflection of the beam as the rabbet length η
is varied can be obtained using the analytical model given by Equation (3.14) of the
previous Chapter, and is shown in Figure 4.3.




















Figure 4.3: Variation of deflection with rabbet length. [β=1, γ=0.1, α+ η=1]
When η = 0, there is no rabbet, and the cantilever is a simple prismatic beam
having a thickness of 2 µm. As the value of η is increased, the rabbet becomes
longer. Accordingly, the spring constant of the beam decreases, and the deflection
increases, as can be seen from Figure 4.3. When η = 1, the rabbet spans the entire
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length of the cantilever. In effect this is a thin beam with a thickness of 1.8 µm.
The maximum deflection is observed at this point.
The variation of the resonant frequency as the length of the rabbet is increased can
be obtained from Equation (3.20). This is shown in Figure 4.4.
























Figure 4.4: Variation of resonant frequency with rabbet length. [β = 1, γ =
0.1, α+ η=1]
When η = 0, there is no rabbet, and the cantilever is a simple prismatic beam.
When η is very small, a small rabbet is made on the free end of the beam. Then
the mass of the beam is reduced by a small factor, but the spring constant remains
nearly unchanged, as seen earlier in Figure 4.2. This results in the resonant fre-
quency increasing. As the rabbet is made longer, the mass of the beam decreases
proportionately, but the spring constant begins to decrease sharply. This causes
the rate of increase of the resonant frequency to decrease, and at a value η ≈ 0.5,
the resonant frequency reaches its maximum value. When the rabbet is made even
longer, the resonant frequency decreases. It can be seen from Figure 4.4 that the
resonant frequency of a cantilever can be made greater than that of the original
thick beam, by introducing a rabbet at the free end.
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4.2.3 Validity of the results and model limitations
It was noted in the previous Chapter that when perforations having a small depth
were introduced to the cantilevers, the analytical model for deflection predicted
smaller values than the FEM simulations, but within a 6% variation. The model
for resonant frequency predicted a lower value, but within 4% of the value given
by FEM simulations. It was also noted that the models, particularly the model for
resonant frequency, are most accurate when the perforations are small.
When η is very small, the cantilever is a thick beam with a very small rabbet, and
hence the models will be accurate. Therefore, the left-hand ends of Figures 4.3 and
4.4 should be valid. When η → 1, the beam can be regarded as a thin cantilever with
a small section added to its fixed end. Hence the models should be valid, and the
gradients of the right-hand ends of Figures 4.3 and 4.4 should also be valid. Since
Figure 4.4 has a positive gradient at the left end and a negative gradient at the
right end, it follows that there must be at least one maxima between the two ends.
Hence, the general shape of these figures should be valid, although the numerical
values may have inaccuracies due to limitations in the models.
4.2.4 t · f0 value of a rabbeted microcantilever
The variation of the t·f0 value with rabbet length can be obtained from the analytical
models, and is plotted in Figure 4.5.
Initially the t · f0 value of rabbeted beams increases nearly linearly with η. The
t · f0 value reaches its maximum at η ≈ 0.8, and then begins to decrease. When
η = 1, the beam is a thin prismatic cantilever. It was noted in Chapter 3 that
among prismatic beams, thin beams have the largest t · f0 value. Figure 4.5 shows
that rabbeted beams can achieve an even larger t ·f0 value than a thin beam having
a uniform thickness of 1.8 µm.
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Figure 4.5: Variation of the t · f0 value with rabbet length. [β = 1, γ =
0.1, α+ η = 1]
4.2.5 Increasing the rabbet thickness
In the above analyses, the rabbet thickness factor was taken as γ = 0.1, making
the rabbet 0.2 µm thick. The variations of deflection, resonant frequency and t · f0
values at different values of γ are plotted in Figures 4.6, 4.7 and 4.8 respectively.
It can be seen from Figures 4.6 and 4.7 that the deflection and resonant frequency
are increased by larger factors when the rabbet is made deeper. Figure 4.8 shows
that when deeper rabbets are used, large increases in the t ·f0 values compared with
simple prismatic beams are obtained. As the rabbet is made deeper, the rabbet
length at which the peak t · f0 value is observed shifts slightly to the right. When
γ = 0.1, the peak is observed at η ≈ 0.8, while when γ = 0.7, the peak value of t · f0
is observed at η ≈ 0.85.
From the above investigations, it can be observed that a rabbeted beam with a
thinner free end can achieve a higher resonant frequency than a thick beam, and a
higher deflection and a higher t · f0 value than a thin beam. The largest t · f0 value
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Figure 4.6: Variation of deflection with rabbet length at different rabbet thick-
nesses.




























Figure 4.7: Variation of resonant frequency with rabbet length at different rab-
bet thicknesses.
CHAPTER 4. ANALYSIS OF NON-PRISMATIC CANTILEVERS 83

























Figure 4.8: Variation of the t · f0 value with rabbet length at different rabbet
thicknesses.
is achieved by making the free end as thin as possible.
The deflection of a rabbeted beam cannot be made greater than that of the thin
beam. However since the t · f0 value of a rabbeted beam is greater than that of the
thin beam, the resonant frequency can be traded-off for deflection by increasing the
length of the beam, to achieve a deflection–frequency combination not possible with
simple beams. These results also demonstrate the validity of the principle that both
the deflection and the resonant frequency can be increased simultaneously when the
mass is decreased by a greater factor than the reduction of the spring constant.
From these results, it can be concluded that non-prismatic microcantilevers with
a step profile will have better deflection–frequency characteristics compared with
prismatic beams with rectangular profiles.
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4.3 Improving the cantilever profile
In this section, the results of the previous sections are used to improve the cantilever
profile further so that even larger deflection–frequency combinations can be achieved.
4.3.1 The rabbeted beam as a composite beam
Suppose the rabbet is 1 µm thick, and spans 80% of the beam such that nearly
the largest possible t · f0 value is observed. Further insight can be obtained by
considering this beam as a composite of a thick short stub and a thin long plank,
as shown in Figure 4.9. The deflection, resonant frequency and t · f0 values of these
Figure 4.9: The rabbeted beam as a composite of two elements.
elements and the composite beam are tabulated in Table 4.1.
Table 4.1: Mechanical properties of a rabbeted beam and its composite parts.
Element Sketch t (nm) f0 (kHz) t· f0 (nm.kHz)
Composite 4.14 326 1350
Stub 0.057 6824 387
Plank 3.63 213 774
It can be seen from the table that the deflection and resonant frequency of the
composite beam are dominated by the corresponding values of the thin plank. The
main effect of the thick stub, which has a resonant frequency an order of magnitude
greater than the plank, is to cause the resonant frequency of the composite beam
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to increase. It also contributes towards the deflection of the composite beam. Note
that the deflection of the composite beam is greater than the sum of the deflections
of the individual elements.
4.3.2 The plank section as an independent cantilever
The deflection of the thin plank section is two orders of magnitude larger than the
thick stub. One end of the plank is fixed to the stub, which can be considered
stationary with respect to the plank. Therefore, the plank section can be viewed
as a simple prismatic cantilever by itself. While the deflection and t · f0 value of
the plank can be increased by making it thinner, an even larger t · f0 value can be
achieved by making the free end of the plank thinner compared to its fixed end, as
shown earlier. Thus, rather than making the plank section uniformly thinner, if the
plank is made into a step beam, a larger t · f0 value can be obtained.
Following in this manner, it can be reasoned that a staircase cantilever (see Fig-
ure 4.10) will achieve a larger t · f0 value than a single-step cantilever.
Figure 4.10: A cantilever with a staircase profile.
4.4 Optimizing the cantilever profile
The thickness of a staircase cantilever decreases in discrete steps from the fixed end
to the free end. Segments close to the free end could be several times thinner than
the fixed end, and give the composite beam large deflection and t · f0 values. The
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thicker fixed end gives the beam a high resonant frequency. From this argument it
can be inferred that a cantilever having a tapering profile achieves the best t · f0
value.
There are many profiles that meet these requirements, such as triangular and expo-
nential shaped profiles. It is possible to obtain reasonably accurate analytical models
to describe the deflection due to surface stress of all such non-prismatic beams, us-
ing the moment–area method described in the previous Chapter. However, it is
far more difficult, if not impossible, to obtain accurate analytical solutions for the
resonant frequency. However, numerical models are available in the literature that
can be used to calculate the resonant frequency of tapering cantilevers. In the fol-
lowing section, dynamics of tapering cantilevers are investigated through analytical
models and numerical methods. Results are compared with finite element method
simulations using the ANSYS Multiphysics software.
4.4.1 Modelling tapering cantilevers
The simplest profile that has a gradually diminishing thickness is triangular. Trape-
zoidal and exponential profiles also have gradually reducing thicknesses. In general,
the thickness function h(x) of a cantilever with a gradually diminishing thickness
can be expressed by the polynomial function
h(x) = hb + (ha − hb)(x/L)n (4.1)
where ha and hb are the thicknesses of the fixed and free ends respectively, x is
measured from the free end, L is the length of the cantilever and n is the order of
the polynomial. Refer Figure 4.11.
When n = 1, a trapezoidal profile is obtained. A sketch of this beam is given in
Table 4.2. Using the moment–area method, the following expression can be obtained
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Figure 4.11: The general form of a tapering cantilever.
A triangular beam is obtained when hb = 0 of a trapezoidal beam. However, it
can be noted that Equation (4.2) is undefined for hb = 0. Hence, it is not possible
to obtain an analytical solution for the deflection of a triangular beam. The same
difficulty is encountered even if the differential equation of the deflection curve is
solved to find the deflection. Therefore, a triangular beam was approximated by a
trapezoidal beam having a very small but non-zero value for hb.
A cantilever having a quadratic profile is obtained when n = 2 is used in Equa-
tion (4.1). Its deflection due to a surface stress σ is found to be given by (Ap-











This equation too is undefined for hb = 0, so a small but non-zero value was consid-
ered for hb.
As the order of the polynomial increases, the rate of change of the cantilever thick-
ness increases, and larger sections of the beam gets thinner. For example when
n = 3, 25 % of the beam has a thickness of less than 1.6 % of the fixed end thick-
ness. Such a beam may be structurally unrealistic. In the limit when the exponent
tends to infinity, the cantilever practically has zero thickness throughout, except at
the fixed end where the thickness remains at ha. Thus, there is no practical value
in studying beams with profiles fitting polynomials of the third order and above.
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It is possible to determine an approximate solution for the resonant frequency of a
























However, it is not possible to determine an analytical solution for the resonant
frequency of a cantilever with a quadratic profile using the Rayleigh–Ritz method.
The derivations of the above model is given in section A.5 of Appendix A.
4.4.2 Simulating non-prismatic cantilevers
ANSYS does not have a direct method to construct exponential curves. Therefore
to construct an exponential profiled beam, keypoints were defined using coordinates
to represent the cross-section of the beam. These keypoints were connected to
construct lines, and an area was defined using these lines. This planar model was
then extruded to obtain a three-dimensional beam. Once the beam is thus defined,
the response of non-prismatic cantilevers can be simulated using the same approach
taken in Chapter 3. The cantilevers were assumed to be made of silicon, and the
surface stress was again considered to be 0.04 µN/µm.
4.5 Results
Using the analytical models for perforated beams and tapering beams, numerical
values for the deflection and resonant frequency of non-prismatic cantilevers con-
sidered were computed. These values are compared in this section to determine
the optimal cantilever profile for sensor elements. For this investigation, cantilever
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beams 100 µm long, 20 µm wide and having a surface stress of 0.04 µN/µm were
considered. The thickness of the fixed end of all beams was taken as ha = 2 µm.
The perforations of the step cantilevers were assumed to be 1 µm deep. The free
ends of the triangular and quadratic cantilevers were considered to be 0.1 µm thick.
Since analytical solutions cannot be obtained to calculate the resonant frequency of
all the cantilevers investigated, resonant frequencies were obtained using the numer-
ical model described in [2]. Where possible, resonant frequencies calculated using
the analytical solutions were also evaluated. For comparison, all cantilevers were
then simulated using ANSYS. Results of these investigations are summarized in
Table 4.2.
It was noted in the previous Chapter that of the uniform cantilevers, the thinnest
beam gives the largest t · f0 value. To generalize the results to any cantilever di-
mension and surface stress value, all numerical values were normalized with respect
to the thin rectangular cantilever having a uniform thickness of 1 µm (cantilever
#2). Thus the deflection t, resonant frequency f0 and the t ·f0 product of cantilever
#2 are all unity. Of the simple prismatic beams, the thick cantilever (#1) has the
highest resonant frequency while the thin beam (#2) has the largest deflection and
the largest t · f0 value, as discussed earlier.
Normalized deflection values obtained from the analytical and numerical methods
are consistent with FEM results, as can be seen from Table 4.2. The theoretical
methods predict larger resonant frequencies than FEM, and there is a large discrep-
ancy for cantilever #9. This could be due to the omission of the effect of rotary
inertia.
The step cantilevers #3, #4 and #5 have larger deflections and higher resonant fre-
quencies compared with the thick cantilever (#1), in agreement with the arguments
presented previously. However, the FEM results show that the t · f0 value of can-
tilever #3 is smaller than that of the thin beam (#2). This means that a prismatic
thin cantilever can be found that has a higher deflection–frequency combination
than the step beam #3.
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Table 4.2: Normalized values of deflection, resonant frequency and t · f0 values,
together with sketches of the different profiles investigated.
Theoretical FEM Anal.
ID Profile t f0 t·f0 t f0 t·f0 f0 Sketch
#1 Rectangular 0.25 2.0 0.50 0.25 2.0 0.50 2.0
#2 Rectangular 1.0 1.0 1.0 1.0 1.0 1.0 1.0
#3 Step (η = 0.5) 0.44 2.70 1.18 0.36 2.38 0.86 2.72
#4 Step (η = 0.6) 0.52 2.66 1.38 0.52 2.10 1.09 2.70
#5 Step (η = 0.8) 0.73 2.28 1.66 0.72 1.47 1.06 2.34
#6 Staircase — — — 0.67 2.74 1.84 —
#7 Trapezoidal 0.39 2.25 0.87 0.33 2.16 0.71 2.30
#8 Triangular 1.13 3.19 3.61 1.18 2.76 3.26 3.04
#9 x2 5.0 3.94 19.71 5.08 1.92 9.76 —
The t · f0 values of cantilevers #4 and #5 are greater than that of the thin beam
(#2). Thus, these step beams have high deflection–frequency product combinations
that cannot be achieved using simple prismatic cantilevers.
Note that in section 4.2.4 it was established using the analytical models that a
cantilever having a rabbet spanning 80 % of its length (ie η = 0.8) will achieve the
highest t · f0 value. However, the results obtained from FEM simulations presented
in Table 4.2 show that cantilever #4 which has a rabbet spanning 60 % of the beam
length achieves a larger t · f0 value than cantilever #5 that has a rabbet spanning
80 % of the beam length. This discrepancy is due to the limitations of the analytical
models. Referring to Figure 3.14 of the previous Chapter, it can be seen that while
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the analytical model predicts the highest resonant frequency at η = 0.5, the FEM
results show that the largest resonant frequency is achieved at η = 0.4. Nevertheless,
results from both the analytical method and the FEM simulations show that the
t · f0 value of a cantilever can be increased by making the free end of the beam
thinner compared with the fixed end.
Only FEM simulations were available to investigate the response of the staircase
cantilever. It can be seen that it achieves a t · f0 value 1.84 times greater than the
thin cantilever.
The trapezoidal cantilever (#7) has deflection and resonant frequency values similar
to cantilever #3, and has no advantage over a simple thin beam.
Both the analytical methods and the FEM simulations show that the triangular-
profiled cantilever (#8) will have a deflection larger than the thin rectangular beam
(#2), and a resonant frequency greater than the thick rectangular beam (#1). The
triangular beam achieves a t · f0 value at least 3.26 times larger than the thin
prismatic cantilever. This means that a triangular cantilever will have thrice the
deflection of a thin rectangular cantilever, while having the same resonant frequency
of the thin beam; alternatively, a triangular cantilever having the same deflection as
a thin rectangular beam will have a resonant frequency thrice as large as the thin
beam; or both the deflection and the resonant frequency of a triangular cantilever
can be made greater than the corresponding values of a thin rectangular cantilever.
Thus a triangular cantilever will have deflection and resonant frequency values in
combinations that are unattainable using prismatic rectangular cantilevers. Clearly,
the triangular beam will have a higher sensitivity than simple prismatic beams.
The quadratic cantilever (#9) has an even higher t · f0 value. However, this beam
could be structurally unrealistic.
Triangular beams were shown to have a larger deflection than rectangular beams
when actuated by a static electric field in [3]. The above analysis demonstrated that
triangular cantilevers will achieve a higher deflection due to a surface stress, as well
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as having a higher resonant frequency compared with prismatic cantilevers.
It is difficult to fabricate cantilevers having a variable thickness since microfabrica-
tion is a planar technology. In [3], triangular cantilevers were fabricated sideways.
The profile of the cantilevers were defined photolithographically, and a novel double-
exposure method was proposed to achieve a sharp tip. The beams were then etched
using standard micromachining techniques. The width of the cantilevers was limited
to about 5 µm. In [4] for example, vertical silicon walls 0.3 µm in thickness and
15 µm in height were realized using deep reactive ion etching (DRIE), with a maxi-
mum surface roughness of 20 nm. Using these two techniques, triangular cantilevers
having larger widths can be fabricated.
4.6 Analysis of variations
Investigations of the preceding sections considered cantilevers having specific dimen-
sions and shapes. However, standard fabrication techniques will introduce variations
into the dimensions and shape of cantilevers which will affect the response and the
measurements taken using these cantilevers. The effects of dimensional and shape
variations on the response of cantilevers having uniform, step and triangular profiles
are investigated in this section.
4.6.1 Effect of dimensional variations on cantilever response













∣∣∣∣+ . . . (4.6)
The deflection of step cantilevers can be determined by substituting α = 1− η and
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This expression is a function of four dimensional parameters, L, h, η and γ. Then




















By taking the necessary partial derivatives of Equation (4.7) and substituting the
optimal values η = 0.6 and γ = 0.5, the expression for the maximum relative error












Thus, variations in the length and thickness of the beam have the greatest effect on
the deflection of the cantilever, followed by the fractional thickness and the fractional
length of the perforation, respectively. As an example, if there is a 5% variation of
each of the parameters L, h, η and γ, the deflection could deviate from the ideal
value by up to 32% according to Equation (4.9).
The variation of deflection due to dimensional variations of uniform cantilevers can
be determined from Equation (4.9) by omitting the final two terms of the expression.
Thus for example if the length L and thickness h of a uniform cantilever varied by
5%, the deflection could deviate from the predicted value by up to 20%.
The deflection of a cantilever having a triangular profile is given by Equation (4.2),
from which the maximum relative error can be derived. When ha = 2 µm and










Thus variations of the length L has the greatest effect on the deflection of triangular
cantilevers, followed by the thickness of the fixed and free ends, respectively. As an
example, if L, ha and hb varied by 5% from the specified value, the deflection could
deviate from the predicted value by up to 20%.
Comparing with the step beam, the deflection of the triangular-profiled beam is less
sensitive to dimensional variations. This is partly due to the fact that while there are
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four parameters L, h, γ and η in step cantilevers which are sensitive to dimensional
variations, there are only three parameters L, ha and hb in triangular-profiled beams.
The variations of resonant frequency due to dimensional variations can be deter-
mined in a similar manner. The resonant frequency of step cantilevers can be de-
termined from Equation (3.20) by substituting α = 1 − η and β = 1. Then, the
maximum relative error of the resonant frequency due to dimensional variations is












The error of the resonant frequency of triangular-profiled cantilevers due to dimen-










The maximum relative errors of deflection and resonant frequency due to dimensional
variations of the cantilevers considered above are summarised in Table 4.3.
Table 4.3: Maximum relative errors of cantilever responses due to dimensional
variations of 5%.
% Variation




It can be seen from Table 4.3 that the deflection of each of the three cantilever
types considered are very sensitive to dimensional variations, with the sensitivity of
uniform cantilevers and triangular-profiled cantilevers being of similar value. This
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analysis highlights that even though triangular-profiled cantilevers have greater t ·f0
values when compared with uniform cantilevers, they are equally sensitive to di-
mensional variations. These investigations assumed 5% variations of all dimensions.
However, the lateral features of cantilevers are defined photolithographically, and
hence can be fabricated with higher precision. All dimensions of cantilevers have to
be carefully controlled during fabrication to ensure the variations are within accept-
able limits.
4.6.2 Effect of filleting and smoothing
In the theoretical analysis, the cantilevers were assumed to have sharp edges. In
practice however, the edges are smooth and filleted. The effect of filleting and round-
ing on the response of step cantilevers and triangular cantilevers was investigated
using FEM simulations using ANSYS. The cantilever specifications were the same
as those given in Section 4.5 above. The fillet radii were assumed to be 1 µm, while
the edges of the free end were assumed to have been rounded having radii of 5 µm.
Schematic diagrams showing these dimensions are given in Figure 4.12.
The effect of rounding and filleting on the deflection, resonant frequency and the
t · f0 value of cantilevers are given below in Table 4.4.
As can be seen from Table 4.4, the deflection, resonant frequency and the t ·f0 value
of cantilevers with a step profile decrease due to the smoothing of edges. For the
smoothing effects considered, the deflection of step cantilevers decreases by 1.8 %.
In the case of cantilevers with triangular profiles, the smoothing effects result in an
increase of the deflection, resonant frequency and the t · f0 value, which is beneficial
from a sensor point of view. Further, the variation of deflection for the smoothing
effects considered is only 0.05 %, which can be considered as a negligible variation
in most cases. These results show that cantilevers having a triangular profile are
far less sensitive to shape variations due fabrication imperfections than cantilevers
having a step profile.
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(a)
(b)
Figure 4.12: Schematic diagrams of (a) a step cantilever and (b) a triangular-
profiled cantilever with filleted edges. The cantilevers are 100 µm in length and
20 µm in width.
4.7 Conclusions
It was demonstrated that cantilevers having larger deflection and resonant frequency
values compared with uniform beams can be obtained by making the free end of the
beam thinner compared to the fixed end. Rabbeted beams can achieve deflection–
frequency combinations not possible with prismatic beams. By using cantilevers
with tapering profiles, even greater improvements in the t · f0 values compared with
simple rectangular beams can be achieved.
Cantilevers having a triangular profile achieve larger deflections and larger reso-
nant frequencies compared with simple beams. The sensitivity of the response of
triangular-profiled cantilevers to dimensional variations are comparable to prismatic
cantilevers, and are almost insensitive to smoothing effects of fabrication. Using
beams with triangular profiles instead of prismatic rectangular beams will enable
microcantilevers to have a higher sensitivity for sensor applications.
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Ideal cantilever 2.65 nm 349 kHz 923 nm.kHz
Cantilever with smooth edges 2.60 nm 332 kHz 863 nm.kHz
Percentage variation -1.8 % -4.8 % -6.5 %
Triangular Cantilever
t f0 t·f0
Ideal cantilever 7.56 nm 381 kHz 2879 nm.kHz
Cantilever with smooth edges 7.57 nm 382 kHz 2893 nm.kHz
Percentage variation 0.05 % 0.5 % 0.5 %
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An analysis of the different methods that have been reported to measure the de-
flection of microcantilevers was presented in the literature review in Chapter 2.
The interdigital interferometric measurement method was shown to be the most
viable technique to measure the deflection of disposable cantilever sensors for an
automated system. While sub-nanometer resolutions have been reported, it was
highlighted that the maximum measurable deflection was limited to λ/4, where λ is
the wavelength of the optical source.
In this Chapter, the interdigital interferometric measurement technique is analysed
using a novel approach that has not been reported in the literature. From this anal-
ysis, the reason for the limitation in the measurement range is identified. Techniques
are then proposed that can overcome this limitation and extend the measurement
range. Principles are established and proved to make this technique applicable to
an automated measurement system.
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5.2 Theoretical background
The use of interdigital cantilevers as a method to determine the deflection of can-
tilevers was first proposed in [1]. The arrangement proposed was to have interdigital
fingers attached to a moving cantilever and a fixed cantilever. These digits formed a
phase sensitive diffraction grating. An incident coherent beam of light was diffracted
into many orders by the grating. The intensities of these orders depends on the de-
flection of the moving set of digits and was used to measure the relative deflection
between the two cantilevers.
The same principles can be used to measure the deflection of an array of cantilevers,
if the array is arranged such that alternate cantilevers are free to deflect, while the
others remain stationary. A detailed theory of operation of interdigital cantilevers
is available in [2], where Fourier optics is used to analyse the behaviour. In the
following section, cantilever array gratings are analysed as lamellar gratings using
first principles, which provides a unique insight of the problem. A similar tech-
nique was used in [3] to explain the diffraction patterns observed in x-ray diffraction
crystallography.
Consider Figure 5.1 which shows a cross section of the cantilever array. Let there be
2N cantilevers, at locations x = x0, x = x1, x = x2, . . ., x = x2N−1. Let xf denote
the location of fixed cantilevers, and let xm denote the location of moving cantilevers.
The fixed cantilevers are at the reference level, while the moving cantilevers have
been displaced by a distance t. An incident coherent optical beam of light is reflected
by the grating into several orders, which forms an optical diffraction pattern in the
far-field.
The diffracted wave amplitude in the far field Efar can be expressed by [4]
Efar = Es · F (5.1)
where Es is the diffracted wave amplitude of a single cantilever, and F is the inter-
ference effect of the 2N cantilevers.
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Figure 5.1: Cross sectional view of an array of cantilevers. Also shown is the
incident optical beam.
The diffracted wave amplitude of a single rectangular optical aperture, in this case








where k = 2π/λ is the wavenumber and b is the width the cantilever.
The interference term F can be determined using first principles as follows. The
field strength of a monochromatic wave at position r at time t is given by the
wavefunction [6]
u(r, t) = A(r) cos(2πνt+ φ(r)) (5.3)
where A(r) is the amplitude, φ(r) is the phase and ν is the frequency of the optical
wave. When a plane wave is considered, the amplitude A(r) is independent of
the position, and is a constant. It is convenient to express the wavefunction of
Equation (5.3) in complex notation, which for a plane wave becomes
U(r, t) = A ejφ(r) ej2piνt (5.4)
from which the complex amplitude is defined as
U(r) = A ejφ(r) (5.5)
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When an optical beam is reflected off a grating, each grating element gives rise to a
separate wave. The resultant wave F is given by the superposition of the individual
complex amplitudes of the waves
F = U0(r) + U1(r) + U2(r) + . . . (5.6)
where Ui(r) is the complex amplitude of the wave reflected off the i
th grating element.
With reference to the array of cantilevers defined above, Equation (5.6) can be
rearranged as
F = (U0 + U2 + U4 + . . .+ U2N−2)︸ ︷︷ ︸
fixed cantilevers






















Taking the wave reflected off the cantilever at x = x0 as the reference, the phase
terms of the reflected waves can be determined from Figure 5.2. For a wave reflected
off a fixed cantilever at location x = xf , the optical path difference δf with respect
to the reference wave is given by l12 of Figure 5.2(a):
δf = xf sin θ (5.8)
The optical path difference δm between a wave reflected off a moving cantilever at
location x = xm and the reference wave is given by l34 − (l56 + l67) of Figure 5.2(b):
δm = xm sin θ − tm(1 + cos θ) (5.9)
where tm is the deflection of the m
th cantilever. The phase differences can then be
calculated by multiplying the path differences by the wavenumber k. Substituting










ejk{xm sin θ−tm(1+cos θ)}

 (5.10)
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(a) fixed cantilever
(b) moving cantilever
Figure 5.2: Optical path length differences of (a) fixed cantilever at xf and (b)
moving cantilever at xm.
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By substituting Equations (5.2) and (5.10) in (5.1), the complete expression for the
far-field wave Efar can be obtained. The optical intensity in the far-field Ifar is given
by
Ifar = Efar ·E∗far (5.11)
where ∗ denotes the complex conjugate. Using Equation (5.1) this becomes
Ifar = E
2
s (F · F ∗) (5.12)
FF ∗ can be derived using Equation (5.10)




























































In a regular array, the cantilevers are equally spaced at intervals a. Further, the
deflection of all moving cantilevers are equal, tm = t for every m. Then, Equa-
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This expression can be simplified to give
























Equation (5.17) is consistent with the expression derived for lamella gratings in [4].
It is evident from this expression that the intensity pattern is dependent on the
deflection t.
For any diffraction angle θ, the value of the cos2 term of Equation (5.17) depends
on the deflection t. Plots of cosine and cos2 functions are given in Figure 5.3. It can
be seen that the cos2 curve is cyclic with a period π. However, distinct values of
cos2 are observed only within a range of π/2 radians. Thus distinct intensity values
are observed only within this range. A wavelength λ corresponds to 2π radians.
Therefore, the range of deflections giving distinct intensity values is limited to λ/4.
This is a fundamental limitation of interferometric measurement methods.
Changes in the far-field intensity pattern with deflection are illustrated in Figure 5.4.
An array of 7 cantilevers was used in this calculation, with 3 of them moving and the
rest stationary. Each cantilever was 2 µm wide, and the center-to-center distance
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Figure 5.3: Plots of cos θ and cos2 θ.
between them was 4 µm, giving a spatial frequency of fg = 2.5 × 105 m−1 for the
grating. A diode laser having a wavelength of 650 nm was considered as the optical
source. The intensity pattern at zero deflection is shown in Figure 5.4(a), while
5.4(b) shows the intensity pattern when the deflection is λ/4 = 162.5 nm. This
figure is consistent with Figure (5) of [2].
In interferometric arrangements of interdigital cantilevers such as in [1, 7, 8, 9], the
intensities of one or more diffraction orders are measured, and the deflection is in-
terpreted from these measurements. Figure 5.5 plots the calculated variations of the
intensities of the 0th and 1st orders of the diffraction pattern with cantilever deflec-
tion. This figure is consistent with Figure (10) of [2]. There is a direct relationship
between the optical intensity of a diffraction order and the deflection. This is the
basis of interdigital interferometric measurement systems.
It can be seen from Figure 5.5 that the intensity variations are cyclic over 325 nm,
which corresponds to λ/2. It can also be noted that distinct intensity values are ob-
servable only within a deflection range of 162.5 nm, as predicted earlier. This figure
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(a) t = 0

















(b) t = λ/4
Figure 5.4: Intensity pattern at (a) zero deflection and (b) deflection = λ/4.
The array has 3 moving and 4 fixed cantilevers, each 2 µm wide, and the spatial
frequency of the grating is fg = 5× 105 m−1.
CHAPTER 5. NOVEL OPTICAL MEASUREMENT METHOD 108
highlights the limitation of the measurement range of an interferometric cantilever
array.
























Figure 5.5: Variations of intensities of the 0th and 1st diffraction orders with
deflection.
5.3 Alternate representation
Deeper insight into the problem can be obtained by rearranging the expression
of the intensity pattern given by Equation (5.14). The first summation term of























ejk(xf−xf ′) sin θ
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This expression simplifies to









k(xf − xf ′) sin θ
}
Substituting k = 2π/λ, this becomes

















The second and third summations of Equation (5.14) give the interference effect of
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The final summation of Equation (5.14) gives the interference effect of waves reflected








ejk(xm−xm′ ) sin θ e−jk(tm−tm′ )(1+cos θ)
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}














· sin θ − 2π(tm − tm′)
(




CHAPTER 5. NOVEL OPTICAL MEASUREMENT METHOD 110
Each of the cosines in Equations (5.18)–(5.20) can be viewed as spatial harmonic
functions of the form cos(2πνx + φ), with the spatial frequency ν being given by
terms of the form (xp−xq)/λ. Then the phase terms of the cosines generated by Sfm
and Smm are given by 2πtm(1+cos θ)/λ and −2π(tm− tm′)(1+cos θ)/λ respectively.
The far-field interference pattern is then given by FF ∗ = Sff + Sfm + Smm. It can
therefore be seen that the far-field intensity pattern of an array of cantilevers can
be expressed as the sum of a series of spatial harmonic functions, which define the
spatial characteristics of the intensity pattern. Recall that xf and xm denote the
locations of fixed and moving cantilevers respectively. Thus the frequencies of the
spatial harmonic functions are determined by the distances between each cantilever
of the array. The phase terms are determined by the deflections of the cantilevers.
5.4 Measuring the deflection using phase angles
Consider again an array of cantilevers placed at regular intervals a, and each moving
cantilever having the same deflection t. Then, Sff , Sfm and Smm can be written as
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(5.23)
where f and m are real numbers which determine the locations of the fixed and
moving cantilevers respectively. The phase term of Smm is zero since tm = tm′ =
t. Referring to Equation (5.22), it can be seen that when the deflection t is an
integer multiple of λ/(1 + cos θ), the phase terms of the harmonic functions are
zero. Thus, the harmonic functions of Sfm are cyclic with deflection over a range
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λ/(1 + cos θ). The minimum of this expression is obtained when θ = 0, giving the
harmonic functions of Sfm a period of λ/2.
Therefore, instead of measuring the intensities of the diffraction orders, if the phase
terms of the harmonic functions of Equation (5.22) can be determined, the deflec-
tions can be measured up to a limit of λ/2. Let the phase term of a spatial cosine
function of Equation (5.22) be denoted by φ
φ = 2πt
(
1 + cos θ
λ
)
Then, assuming the diffraction angle θ to be small, cos θ ≈ 1, and the deflection can




Since the range of unique phases is 0 ≤ φ ≤ 2π, the range of measurable deflections
is 0 ≤ t ≤ λ/2. This is a two-fold increase of the measurement range compared with
the intensity-based interferometric methods.
It was shown above that the far-field intensity pattern is a composite of harmonic
functions. If the Fourier transform of the intensity pattern is taken, it will be
possible to determine the phase terms of all the harmonic functions. The method
of extracting these phase terms from the FT of the far-field intensity pattern is
investigated in the following section.
Suppose there are 5 fixed cantilevers and 5 moving cantilevers in the regular array.
The fixed cantilevers will be at locations 0, 2a, 4a, 6a and 8a, giving f = 0, 2, 4,
6 and 8. Similarly, the values of m will be 1, 3, 5, 7 and 9. Then the frequencies
of the harmonic functions generated by Sff , Sfm and Smm can be obtained using
Equations (5.21)–(5.23). Tables 5.1(a)–(c) show all the possible values of (f − f),
(f −m) and (m−m).
Referring to Equations (5.21) and (5.23), and Tables 5.1(a) and 5.1(c), it can be seen
that the harmonic functions generated by Sff and Smm will have spatial frequencies
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Table 5.1: Values of (f − f), (f −m) and (m−m) for a regular array.







0 2 4 6 8
0 – 2 4 6 8
2 – – 2 4 6
4 – – – 2 4
6 – – – – 2
8 – – – – –







0 2 4 6 8
1 -1 1 3 5 7
3 -3 -1 1 3 5
5 -5 -3 -1 1 3
7 -7 -5 -3 -1 1
9 -9 -7 -5 -3 -1




1 3 5 7 9
1 – 2 4 6 8
3 – – 2 4 6
5 – – – 2 4
7 – – – – 2
9 – – – – –
of 2a/λ, 4a/λ, 6a/λ and 8a/λ. None of these spatial cosines have a phase term.
The spatial frequencies of the harmonic functions of Sfm can be determined from
Table 5.1(b).
When (f −m) > 0, the spatial cosine will take the form cos{2π(f −m)(a/λ) sin θ+
2πt(1 + cos θ)/λ
}
, while when (f − m) < 0 the spatial cosines will have the form
cos
{
2π(f − m)(a/λ) sin θ − 2πt(1 + cos θ)/λ}. Thus, Sfm will consist of spatial
harmonic functions having frequencies of a/λ, 3a/λ, 5a/λ, 7a/λ and 9a/λ, each
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having a phase term±2πt(1+cos θ)/λ. It can be noted that the spatial frequencies of
the cosines of Sfm are distinct from the spatial frequencies of the harmonic functions
of Sff and Smm. Thus, the far-field intensity pattern will be a composition of 5
spatial harmonic functions containing phase terms corresponding to the deflection,
and 4 other spatial harmonic functions with no phase terms.
Now, referring to Table 5.1(b) again, it can be seen that there are 9 instances of
|f −m| = 1, and hence there will be 9 cosines with spatial frequency a/λ. Four of
these will have a phase of φ = 2πt(1 + cos θ)/λ and the other 5 will have a phase
of φ = −2πt(1 + cos θ)/λ. These 9 cosines will result in a single spatial harmonic
function of frequency a/λ, and its resultant phase can be calculated using standard
phasor analysis techniques as described below. Similarly, the other spatial harmonic
functions of Sfm will be composites of several cosines.
For generality, let there be A harmonic functions of frequency ν having a positive
phase φ and B harmonic functions of the same frequency having a negative phase
−φ. Then the resultant harmonic function y is given by
y = A cos(ν + φ) +B cos(ν − φ)
In complex notation this becomes













In the example considered above, where A = 4 andB = 5, the phase of the composite
spatial harmonic function having a frequency of a/λ will be Ψ = tan−1[(− tanφ)/9].
Referring to Table 5.1(b) and Equation (5.25), it can be noted that the phase terms
of the cosines of Sfm get cancelled out if the number of fixed cantilevers is greater
by one than the number of moving cantilevers.
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Thus, the far-field intensity pattern will consist of 9 spatial harmonic functions.
Those having frequencies of 2a/λ, 4a/λ, 6a/λ and 8a/λ will have a zero phase. The
spatial harmonic functions having frequencies of a/λ, 3a/λ, 5a/λ, 7a/λ and 9a/λ
will be composites of several constituent harmonic functions of the same frequencies,
and their resultant phases will be given by Equation (5.25).
The phase spectrum of the Fourier transform of the intensity pattern will give the
resultant phase Ψ given by Equation (5.25). To calculate deflection, the constituent
phase φ = 2πt(1 + cos θ)/λ needs to be determined. The constituent phase φ can







The deflection can then be calculated from Equation (5.24). The formulas to extract
the constituent phase φ from the phases of the harmonic functions having spatial
frequencies of a/λ, 3a/λ, 5a/λ, 7a/λ and 9a/λ obtained from the FT are presented
in Table 5.2. Since there is only one harmonic function with a spatial frequency of
9a/λ, the phase φ can be directly obtained from the Fourier transform.
Table 5.2: Phase terms of the cosines of Sfm.
Spatial frequency No. of +φ terms No. of −φ terms Phase
a/λ 4 5 tan−1 (−9 tanΨ1)
3a/λ 3 4 tan−1 (−7 tanΨ3)
5a/λ 2 3 tan−1 (−5 tanΨ5)
7a/λ 1 2 tan−1 (−3 tanΨ7)
9a/λ 0 1 −kt(1 + cos θ)
The inverse tangent function provides angles in the range ±π/2. Therefore, even
though the composite phase angles Ψ obtained from the phase spectrum of the FT
will have values between ±π, the constituent phase terms φ calculated using the
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formulas of Table 5.2 will be between ±π/2. Thus, the phases of the harmonic
functions having spatial frequencies of a/λ, 3a/λ, 5a/λ and 7a/λ will only allow
measurement of deflections up to λ/4. The phase of the cosine having a spatial
frequency of 9a/λ can be used to measure deflections up to λ/2.
Now, the method of obtaining the composite phases Ψ using the Fourier transforma-
tion of the far-field intensity pattern is investigated. The mathematical expression
for the intensity pattern is given by Equation (5.12). Thus the FT of the intensity
pattern is
F [Ifar] = F [E
2
s · FF ∗] (5.27)
= F [E2s ]⊗F [FF ∗] (5.28)
where ⊗ denotes convolution. The Fourier transform of sinc2, from the expression
for E2s given by Equation (5.2), is a triangular pulse. The far-field interference
pattern FF ∗ was shown to be a sum of spatial harmonic functions. The Fourier
transform of these cosines is a series of impulses. The convolution of a triangular
pulse and a series of impulses will yield a series of triangular pulses. It should be
noted that the Fourier transform of sinc2, an evenly symmetric function, is a real
valued function, and hence does not alter the phase of the spectrum.
It was shown earlier that the far-field interference pattern generated by the example
cantilever array will consist of 9 spatial harmonic functions. Thus, the amplitude
spectrum of the Fourier transform of this intensity pattern will consist of 9 triangular
pulses. The 1st, 3rd, 5th, 7th and 9th of these pulses will be due to the spatial harmonic
functions generated by Sfm. The phase terms corresponding to these peaks will give
the composite phases Ψ. From these phase terms, the deflection t can be calculated
as determined above.
5.4.1 Verification of the analysis
The above analysis can be verified using a simulation of the example array of can-
tilevers which has 5 fixed and 5 moving cantilevers. Figure 5.6(a) shows the intensity
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pattern for the cantilever array when the deflection t = 0, and Figure 5.6(b) shows
the amplitude spectrum of its Fourier transform. Recalling that the amplitude spec-
trum of a Fourier transform is symmetric about the y-axis and that the central peak
corresponds to the DC value, Figure 5.6(b) clearly shows the 9 different spatial
frequency components on either side of the DC value. The 1st, 3rd, 5th, 7th and
9th peaks on either side of the central peak correspond to cosines having spatial
frequencies of a/λ, 3a/λ, 5a/λ, 7a/λ and 9a/λ, as generated by Sfm.
Figure 5.6(c) shows the phase spectrum (argument) of the Fourier transform of the
interference pattern. The phase terms corresponding to the spatial frequencies where
the 1st, 3rd, 5th, 7th and 9th peaks of the amplitude spectrum are observed, are all
found to be zero. This is expected, since the deflection is zero.
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Figure 5.6: (a) Intensity pattern, (b) amplitude spectrum and (c) phase spec-
trum of the example regular array when deflection t = 0.
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Figure 5.7 plots the variation of the observed phases corresponding to the spatial
frequencies a/λ, 3a/λ, 5a/λ, 7a/λ and 9a/λ as the deflection is increased from
0 nm to 650 nm. All 5 phase terms are cyclic over a deflection range of 325 nm,
which is half the wavelength of the optical beam, a result that was predicted earlier.
Figure 5.8 shows the variation of the constituent phase terms φ extracted from
Figure 5.7 using the formulas of Table 5.2. It clearly shows 4 phase terms, varying
between ±π/2, being cyclic over a deflection range of 162.5 nm, or λ/4. The phase of
the cosine having a spatial frequency of 9a/λ is cyclic over λ/2, and varies between
±π. These results validate the theoretical predictions established earlier.
Therefore, deflections up to λ/4 can be measured using the phase of any one of the
spatial cosines having frequencies of a/λ, 3a/λ, 5a/λ and 7a/λ while deflections up
































































f = a/λ f = 3a/λ f = 5a/λ f = 7a/λ f = 9a/λ


































































f = a/λ f = 3a/λ f = 5a/λ f = 7a/λ f = 9a/λ
Figure 5.8: Variation of the constituent phase terms φ extracted from the observed phases, with deflection.
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5.4.2 Enabling direct measurement of phases from the FT
It can be seen from Table 5.1(b) that since there is only a single instance of |f−m| =
9, there is only a single harmonic function having a spatial frequency of 9a/λ, which
enables its phase to be directly obtained from the Fourier transform. Now, if the
values of f and m in Table 5.1 can be arranged in such a manner that there are
several (f−m) values appearing only once in the table, and are not obtained by any
combination of (f − f) or (m −m), then the phases of spatial harmonic functions
corresponding to those unique (f − m) values can be directly obtained from the
Fourier transform. Since phase calculations using tangent functions are avoided,
this will result in these harmonic functions to have a period of λ/2 instead of λ/4.
One possible set of f and m values that meets this condition, and all the corre-
sponding (f−m) values are given in Table 5.3. Possible (f−f) values are 3, 4, 7, 8,







0 3 7 11 15 19
2 -2 -1 5 9 13 17
6 -6 -3 1 5 9 13
10 -10 -7 3 1 5 9
14 -14 -11 -7 -3 1 5
18 -18 -15 -11 -7 -3 1
11, 12, 15, 16 and 19, while possible (m−m) values are 4, 8, 12 and 16. Altogether,
there are 19 different spatial frequencies. It is seen that 2, 6, 10, 14 and 18 appear
only once in the table, and are not obtained with any other combination of (f − f)
or (m − m) values. Thus, there is only one spatial harmonic function of each of
the spatial frequencies 2a/λ, 6a/λ, 10a/λ, 14a/λ and 18a/λ. The phase terms of
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these harmonic functions can be directly obtained from the Fourier transform of the
far-field intensity pattern.
Referring back to the theoretical derivations, it is recalled that f and m values
determine the placement of the cantilevers. The values of f andm given in Table 5.3
infer that the cantilevers of the array are no longer regularly placed. The fixed
cantilevers are now placed at locations x = 0, x = 3a, x = 7a, x = 11a, x = 15a and
x = 19a, where a is some constant. The moving cantilevers are placed at x = 2a,
x = 6a, x = 10a x = 14a and x = 18a. A cross-sectional view of this irregular array
of cantilevers is shown in Figure 5.9.
Figure 5.9: Cross-sectional view of an array of irregularly placed cantilevers.
Figure 5.10 is a plot of the variations of the observed phases of the harmonic func-
tions having spatial frequencies of 2a/λ, 6a/λ, 10a/λ, 14a/λ and 18a/λ, with de-
flection, for the irregularly placed array. It is clearly seen that each phase is cyclic
over a deflection range of 325 nm, corresponding to λ/2.
Thus, when using this irregular array, any of the phase terms can be used to measure

































































f = 2a/λ f = 6a/λ f = 10a/λ f = 14a/λ f = 18a/λ
Figure 5.10: Variation of the phase terms obtained directly from the Fourier transform of the intensity pattern of an irregular
array, with deflection.
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5.5 Extending the measurement range beyond λ/2
It was noted in Figure 5.10 of the previous section that the phase terms of the spatial
cosines having frequencies of 2a/λ, 6a/λ, 10a/λ, 14a/λ and 18a/λ were cyclic over
a deflection range of λ/2. However, suppose each spatial cosine of Sfm is made to
have a different phase for the same deflection. Then, although the individual curves
will still be cyclic over a short region, the range over which all phase terms repeat
their values simultaneously is greatly enhanced. Refer Figure 5.11, which shows
two phase–deflection curves. One curve is cyclic over 650 nm, while the other is
cyclic over 650 × 1.5 = 975 nm. The 2 •’s in Figure 5.11 show two phase terms
at a deflection of 175 nm. The same pair of phases is repeated only at a deflection
of 2125 nm, shown by 2 ×’s in Figure 5.11, giving a range of 1950 nm, which is
greater than the period of either curve. Thus if two spatial cosines can be made to
have different phases for a given deflection, the measurement range can be extended
further.
















Figure 5.11: Variation of phase with deflection, for two phases having different
periods.
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Referring to Equation (5.22), it can be noted that the phase terms φ = kt(1+cos θ)
of the spatial cosines are determined by the deflections t of the cantilevers. Now, if
different cantilevers can be made to have different deflections for a given stimulus,
the spatial cosines will have distinct phase terms. Then, if the relationships between
the deflections of each cantilever is known, it will be possible to measure deflections
much greater than λ/2.
Cantilevers with different deflections for the same stimulus can be achieved by mak-
ing their lengths L different. However, then the free-ends of the cantilevers will
no longer be aligned, preventing a proper diffraction grating from being achieved.
Alternatively, the thicknesses h of the individual cantilevers can be varied. How-
ever, this significantly complicates the fabrication of the cantilever array. The use
of perforated cantilevers provides an easy way of achieving an array of cantilevers
with different deflections for a given stimulus. Cantilevers with identical overall di-
mensions and similar resonant frequencies can be made to have different deflections
for a given stimulus, as demonstrated in Chapter 3.
Suppose the moving cantilevers of an irregularly spaced cantilever array are made
to have different deflections for a given stimulus. Then from Equation (5.19), Sfm













· sin θ + 2π · tm ·
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where xf and xm denote the locations of the fixed and moving cantilevers respec-
tively. It can thus be seen that the deflection tm of each cantilever gives rise to a
unique phase term φm = 2π · tm · (1+ cos θ)/λ. It can also be seen that there can be
spatial harmonic functions having the same phase φm, but having different spatial
frequencies depending upon the specific value of (xf − xm). Recall that the require-
ment is to be able to measure all phase terms φm directly from the FT. From the
earlier analysis, this requires that, for each value of m, there be at least one unique
(xf − xm) value not obtained with any other combination of (xf − xf), (xm − xm)
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or (xf − xm).
Referring back to Table 5.3, it is seen that the f and m values used in the table meet
this condition. Therefore, by placing cantilevers at locations shown in Figure 5.9,
and by making the deflections of the cantilevers different to each other, the deflection
measurement range can be extended beyond λ/2.
Consider an array of N moving cantilevers that have different deflections. Let their
deflections be (p1/q1)t, (p2/q2)t, . . . , (pN/qN )t, where the p’s and q’s are integers,
and let all fractions be in the simplest form. For small angles of θ, the phases
















It was seen earlier that the phase terms are cyclic with deflection over a period of











































For each of these phase terms to be equal to their original respective phases, every
npi/qi term must be an integer. The smallest n that satisfies this condition is the
lowest common denominator (LCD) of q1, q2, . . . , qN . Thus, all phase terms will be
cyclic with deflection over a period Lλ/2, where L is the lowest common denominator
of the deflection multiplication quotients pi/qi.
As an example, consider an array of 5 cantilevers, having deflections of t, 1.1t, 1.2t,
1.3t and 1.4t. These deflections can be expressed using rational numbers as t, 11t/10,
6t/5, 13t/10 and 7t/5. The LCD of these numbers is 10. Hence, all the phase terms
will be cyclic over a period of 10λ/2. This is a 20-fold increase of the measurement
range when compared with standard interferometric measurement systems reported
in the literature.
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5.6 Spacing of microcantilevers in the array
It was noted earlier that the frequencies of the spatial harmonic functions are given
by terms of the form (xp − xq)/λ, where xp and xq denote the locations of the
cantilevers. It was also shown earlier that the amplitude spectrum of the Fourier
transform of the intensity pattern is a series of triangular pulses. Now, for these
pulses to be easily identified by an automated system, the peaks should be clearly
distinguishable as shown in Figure 5.12(a). If the pulses overlap, however, there
will be a smoothing effect and the peaks will be less distinguishable, as shown in
Figure 5.12(b).
Figure 5.12: (a) Non-overlapping pulses are clearly distinguishable, while (b)
overlapping pulses have an effect of smoothing out the peaks.
At a minimum, the triangular pulses can just touch each other, as in Figure 5.12(a).
In this case, the separation between the peaks is equal to the width of the triangular
pulses. The width of the triangular pulse can be derived from the diffraction envelope
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The Fourier transform of this function can be obtained using standard FT tables
and is found to be a triangular pulse of width 2b/λ. Thus, for two consecutive pulses
to be non-overlapping, the pulse separation should be greater than 2b/λ. Referring
to the spatial harmonic functions given by Equations (5.18)–(5.20) note that the
spatial frequencies are given by terms of the form (xp − xq)/λ. Then the difference



















xp+1 − xp ≥ 2b (5.31)
Thus, for the pulses in the amplitude spectrum of the FT to be non-overlapping,
the spacing between any two adjacent cantilevers should be at least twice the width
of the cantilevers.
The effect of pulse separation is shown in Figure 5.13, which shows the amplitude
spectrum of the FT of the intensity pattern of different cantilever arrangements. In
Figure 5.13(a), the cantilevers are placed at intervals xp−xq = 1.25b, and the peaks
are indistinguishable. Figure 5.13(b) is plotted with xp − xq = 2b, where the peaks
are just distinguishable. In Figure 5.13(c), xp − xq = 4b and the peaks are well
separated.
In the previous section, the minimum separation between two cantilevers was de-
noted by a. Therefore, the values of a should be selected such that a ≥ 2b.




































(c) xp − xq = 4b
Figure 5.13: Simulated amplitude spectra obtained from the FT of the intensity
pattern for different values of cantilever separations (xp − xq).
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5.7 Requirements of the optical detector
To implement the measurement technique proposed in this thesis on an electronic
system, the optical diffraction pattern has to be captured by an image sensor and
converted into digital data. The Discrete Fourier Transform of the interference
pattern can then be calculated, from which the phases of the spatial cosines can be
extracted.
In order to avoid measurement errors due to aliasing, the interference pattern must
be sampled at sufficiently close intervals. This requires that the sensor have an
adequate pixel resolution. The resolution of the measurements are determined by
the resolution of the analog to digital converter (ADC) of the image sensor. Finally,
the image sensor should be large enough to capture the entire intensity pattern. The
minimum requirements of these sensor parameters are determined in this section.
5.7.1 Pixel resolution
Consider the spatial harmonic functions given by cos{2π·(xp−xq)/λ·sin θ+φ}, where
the spatial frequency of the harmonic function is (xp − xq)/λ. Suppose the largest
(xp − xq) value is ∆xmax. Then the largest spatial frequency of this array will be
∆xmax/λ. The Sampling Theorem dictates that the sampling frequency be at least
twice as large as the largest frequency component of the signal. Thus the required
minimum sampling frequency becomes 2∆xmax/λ. Suppose the photodetector is
placed at a distance D away from the cantilever plane. The sampling frequency
then translates to a minimum theoretical sampling interval ds of
ds = Dλ/(2∆xmax) (5.32)
The sampling interval of a photodetector is determined by the spacing between the
pixels of the sensor. Therefore, the pixel spacing of the photodetector should be
smaller than the value given by Equation (5.32). As an example, for the array used
earlier ∆xmax = 19a. Assuming D = 10 mm, λ = 650 nm and the minimum spacing
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between cantilevers a = 8 µm, Equation (5.32) gives the required pixel spacing
as 21 µm. In practice, however, it is desirable to use a sensor with even more
closely spaced pixels and sample at closer intervals than the theoretical minimum
determined above.
5.7.2 Resolution of the ADC
The measurement resolution of standard interferometric arrangements is determined
by the resolution of the ADC. If the ADC has n bits, the intensity pattern is quan-
tized into 2n discrete values. Noting that the intensity of a diffraction order varies
between its maximum and minimum within a deflection range of λ/4, the theoretical
measurement resolution of a standard interferometric system is λ/(4 · 2n).
Even in the irregular cantilever array method proposed in this thesis, the spatial
harmonic functions are cyclic over at least a deflection range of λ/4. An n-bit ADC
will quantize these functions into 2n discrete values. Therefore, when using an n-bit





As an example, if a 10-bit ADC is used with an optical source having λ = 650 nm,
the measurement resolution is 0.159 nm.
5.7.3 Size of the sensor
Sufficient information for the measurement of phase information is contained within
the main lobe of the diffraction envelope. Thus the image sensor should be large
enough to capture the entire central lobe of the diffraction envelope. The diffraction
envelope E2s of the far-field intensity pattern is obtained from Equation (5.2). The
minima of the diffraction envelope can be found from sin(0.5kb sin θ) = 0 where b is
the width of a cantilever [5]. From this, the locations of the first minima are found
at θ = ±λ/b, which define the central lobe of the diffraction envelope. Assuming a
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sensor at a distance D away from the cantilever plane, the required sensor size Sr
is then obtained as
Sr = 2λD/b (5.34)
As an example, if b = 4 µm, D = 10 mm and λ = 650 nm, Equation (5.34) gives
the required sensor size as 3.25 mm.
5.8 Alignment of the optical sensor
The deflection measurement technique presented above requires the accurate mea-
surement of phase terms, through the Fourier transformation of the intensity pat-
tern. When a signal is sampled, its phase is calculated from the midpoint of the
data stream. Consider Figure 5.14 which shows a cosine wave. Suppose the wave is
sampled in the interval AB as shown in Figure 5.14. Then, the sampled values are
symmetric about the midpoint C of the data series, and the phase will be calculated
as zero. However, if the wave was sampled between the interval XY , the midpoint
of the data series will be Z and the calculated phase will no longer be zero. Thus,
the calculated phase of a spatial signal depends on the interval between which the
signal is sampled.
Now consider the diffraction envelope E2s given by Equation (5.2). It can be seen
that the diffraction envelope is symmetric about its midpoint. For the phase terms
to be correctly interpreted from the Fourier transforms, the image sensor must cap-
ture the interference pattern symmetrically with respect to the diffraction envelope.
Consider the far-field interference pattern of a standard, regular array of cantilevers.
Figure 5.15 shows the far-field optical intensity pattern as well as the diffraction en-
velope for deflections t = 0 and t = λ/4. It can be seen that the intensity pattern is
also symmetric with respect to the midpoint of the diffraction envelope. Since the
cantilever array is symmetrically placed and deflects symmetrically, the intensity
pattern is also symmetric, irrespective of the deflection. Thus if the image sensor
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A C B
X Z Y
Figure 5.14: The measured phase depends on the interval over which the signal
is sampled.
captures the entire diffraction pattern, the center of the envelope can be located
from the intensity measurement. Then, the correct phase terms can be determined
with respect to the calculated midpoint.
However, if an irregular array is used, the intensity pattern is asymmetric. Fig-
ure 5.16 plots the intensity pattern as well as the diffraction envelope for deflections
t = 0 and t = λ/4. It is seen that the intensity pattern is not symmetric with re-
spect to the midpoint of the diffraction envelope for non-zero deflections. Therefore
it is not possible to locate the center of the diffraction envelope from the intensity
measurements. Thus, to obtain the correct phase terms from the Fourier transform,
the photodetector must be precisely aligned with respect to the diffraction envelope.
This is difficult to achieve in a simple automated system. If the photodetector is not
symmetrically placed, a phase error will be added to each measured spatial cosine
term.
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(a) t = 0

















(b) t = λ/4
Figure 5.15: The diffraction envelope and the interference pattern of a symmet-
ric array at (a) zero deflection and (b) at t = λ/4.
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(a) t = 0













(b) t = λ/4
Figure 5.16: The diffraction envelope and the interference pattern of an irregu-
larly spaced array at (a) zero deflection and (b) at t = λ/4.
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Refer Figure 5.17 which shows two cosine waves C1 and C2, and let O denote the
actual midpoint. Suppose the cosine C1 has a known phase. Now, if the signals
are sampled between the interval AB, the measurement midpoint will be shifted
by a distance δ to O′, and both cosines will have phase errors. Since the phase of
C1 is known, the phase error ∆φ1 introduced to C1 due to misalignment can be
calculated. Now, suppose the frequencies of C1 and C2 are f1 and f2 respectively.





Thus, if the phase of one cosine and the relative frequencies of the signal are known,





Figure 5.17: Phase errors of two cosines due to misalignment.
Referring to Figure 5.17, it can be seen that misalignments of up to one wavelength
of the lowest frequency wave can be corrected using this method.
Now, in the far-field intensity pattern, spatial harmonic functions generated by Sff
are known to have zero phase, as seen from Equation (5.18). The relative frequencies
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of the spatial harmonic functions depend only on the placement of the cantilevers
in the array as seen from Equations (5.18)–(5.20), and these values are also known.
Thus, if the phase of a cosine generated by Sff can be measured, the phase errors of
all other measurements can be corrected, eliminating the need for alignment.
Suppose the spatial frequency of such a cosine is ∆xp/λ. Its wavelength at a distance
D gives the maximum correctable misalignment error ǫ
ǫ = Dλ/∆xp (5.36)
It immediately follows from Equation (5.36) that low spatial frequencies allow larger
misalignment errors to be corrected.
Referring back to Table 5.3, the (f − f) values generated by Sfm were shown to be
3, 4, 7, 8, 11, 12, 15, 16 and 19. Of these values, 19 is obtained only once, and is not
obtained with any other combination of (f −m) values nor (m−m) values. Thus,
the spatial harmonic function having a frequency of 19a/λ can be used to correct the
phase errors due to misalignment of the photodetector with respect to the far-field
intensity pattern. When the photodetector is placed at a distance D = 10 mm,
Equation (5.36) gives the correctable misalignment range as 0.04 mm.
If a spatial cosine of lower frequency can be used for alignment correction, this
range can be improved. Further, recalling the principle of extending the deflection
measurement range developed earlier, this misalignment correction range can be
increased several-fold by using two spatial cosines for alignment correction calcula-
tions.
5.9 Principles
The above investigations have established a method by which an interferometric
arrangement of cantilevers can be realised to measure deflections using a simple
optical arrangement, over a range unconstrained by the wavelength of the optical
source. The principles established in this Chapter are summarised below.
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• The far-field intensity pattern of an array of cantilevers is composed of several
spatial harmonic functions. The frequencies of these functions are determined
by the locations of the cantilevers in the array, and the phases are determined
by the deflections.
• The measurement range of standard interdigital interferometric methods is
limited to λ/4. This can be extended to λ/2 if the phases of the spatial
harmonic functions are extracted from a Fourier transform of the far-field
intensity pattern.
• The measurement range limitation of λ/2 is due to the fact that all spatial
harmonic functions are cyclic over that range. By making the cantilevers have
different deflections for the same stimulus, the measurement range can be
extended beyond λ/2.
• The measurement range is then given by λ/2 × (the LCD of the deflections).
• To be able to directly measure the phases from the Fourier transforms, the
location of cantilevers should meet the following requirement. Let xf denote
the location of the f th fixed cantilever, and let xm denote the location of the
mth moving cantilever. Then for every m, there should be at least one unique
(xf−xm) value not obtained with any other combination of (xf−xf ), (xm−xm)
or (xf − xm) values.
• To correct phase errors due to misalignment of the optical sensor, there should
be at least one unique (xf−xf ) value, not obtained with any other combination
of (xf − xm), (xm − xm) or (xf − xm) values. Lower (xf − xf ) values allow
larger misalignments to be corrected.
• By using more than one unique (xf − xf ) which are not integer multiples of
each other for misalignment correction, the misalignment correction range can
be increased to (lowest unique xf − xf value) × (LCD of the different unique
xf − xf values).
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• To make the amplitude peaks of the Fourier transform clearly distinguishable,
the minimum distance between two cantilevers should be at least twice as great
as the width of each cantilever.
In the following chapter, these principles are used to demonstrate the performance
of this novel technique.
5.10 Summary
In this Chapter, the theory behind the use of an interferometric array of cantilevers as
a means of deflection measuring technique was reviewed. The interference pattern
was shown to be a sum of spatial harmonic functions. Using this analysis, the
limitation of the measurement range of standard interferometric measurements was
highlighted, and the reason for this limitation was analysed. A novel technique
that overcomes the limitation of a small measurement range was presented. The
dimensions and the required placement of cantilevers in the array were established.
The requirements of the optical sensor were investigated. A technique to eliminate
the alignment requirement of the optical sensor was also presented.
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Chapter 6
System Design for Implementing
the Measurement Method
6.1 Introduction
The previous Chapter established the principles by which an irregularly spaced array
of cantilevers can be used in a manner that overcomes the λ/4 measurement range
limitation and the alignment requirements of standard interferometric methods. In
this Chapter, a cantilever array is designed using these principles to be compatible
with a commercially available, example image sensor. This array and the measure-
ment system is then simulated and shown to have the large measurement range,
resolution and alignment correction capabilities predicted in the previous Chapter.
6.2 Functional description
Figure 6.1 shows a functional block diagram of an implementation of a deflection
measurement system using an irregularly spaced cantilever array. The cantilevers in
the array are placed irregularly, according to the placement principles established
earlier. The moving cantilevers are each perforated to have different deflections for
141
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a given stimulus.
Figure 6.1: Functional block diagram of a deflection measurement system using
an irregularly spaced cantilever array.
A collimated laser is focused onto the cantilever array, which diffracts the beam
and generates a far-field interference pattern. A photosensor placed in the far-field
digitizes the intensity pattern, and converts it to an electrical signal. A signal
processing unit computes the Fourier transform of the output of the sensor array.
An alignment-correction algorithm eliminates misalignment errors. Phase terms of
the spatial harmonic functions obtained from the FT are then used to calculate the
deflection.
For the purpose of demonstrating the performance of the system, the Micron Tech-
nology MT9D131 CMOS Digital Image Sensor [1], a commercially available sen-
sor, was selected. This sensor has 2.8 µm×2.8 µm pixels, the active sensor size is
4.73 mm×3.52 mm, and has a 10-bit ADC. The sensor array has 1600×1200 pixels,
giving the pixel spacing along the longer side of the array as 2.96 µm.
In the following sections, a cantilever array is designed such that this image sensor
can be used in a measurement system. It is further assumed that deflections up to
3000 nm are required to be measured.
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6.3 Design of the interferometric cantilever array
This section determines the locations of the cantilevers in the array, the widths
of the cantilevers and the perforation parameters required to obtain the different
deflection values.
6.3.1 Placement of cantilevers in the array
A possible set of f and m values that meet the placement conditions established
in the previous Chapter are shown in Table 6.1(a)–(c). It can be seen from these
tables that the values 1, 5, 9, 13 and 17 are unique to Table 6.1(a), and occur
only once within Table 6.1(a). Hence the phases of the spatial harmonics having
frequencies a/λ, 5a/λ, 9a/λ, 13a/λ and 17a/λ can be used to correct misalignment
errors. It was noted in the previous Chapter that the harmonic function with the
lowest frequency provides the largest error-correction range. Thus the phase of the
cosine having a spatial frequency a/λ will have the largest alignment error correction
capability.
Further, it can be noted that the (f − m) values 3, 7, 11, 15 and 19 occur only
once in the tables. Thus, the phase terms of the spatial harmonic functions hav-
ing frequencies of 3a/λ, 7a/λ, 11a/λ, 15a/λ and 19a/λ can be used to calculate
deflection.
6.3.2 The minimum distance between cantilevers
The example image sensor has pixels at intervals of 2.96 µm. Assume that the
sensor is placed at a distance D = 10 mm away from the cantilever plane. Then
from Equation (5.32), the largest allowable distance between cantilevers is found
to be ∆xmax = 1.1 mm. Referring to to Tables 6.1, it is seen that the maximum
distance between 2 cantilevers is 19a, where a is the minimum separation between
2 cantilevers. Thus, the largest allowable value is a = 61 µm. Selecting lower values
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for a will improve the sampling accuracy of the system. As an example if a = 6 µm
is selected, the intensity pattern will be sampled at a spatial frequency 10 times
greater than the Nyquist limit.
Table 6.1: Values of (f − f), (m−m) and (f −m) for an irregular array.







0 1 5 9 13 17
0 – 1 5 9 13 17
1 – – 4 8 12 16
5 – – – 4 8 12
9 – – – – 4 8
13 – – – – – 4
17 – – – – – –




3 7 11 15 19
3 – 4 8 12 16
7 – – 4 8 12
11 – – – 4 8
15 – – – – 4
19 – – – – –







0 1 5 9 13 17
3 -3 -2 2 6 10 14
7 -7 -6 -2 2 6 10
11 -11 -10 -6 -2 2 6
15 -15 -14 -10 -6 -2 2
19 -19 -18 -14 -10 -6 -2
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6.3.3 Cantilever width
The example image sensor has a maximum active sensor size of 4.73 mm. Suppose
the sensor is placed at a distance D = 10 mm away from the cantilever plane.
Then the cantilever width can be obtained from Equation (5.34) as b = 2.74 µm.
If cantilevers having this width are used, the main lobe of the diffraction envelope
spans the entire length of the sensor, requiring precise alignment. Therefore, the
widths of the cantilevers should be made larger than this, such that the diffraction
envelope is smaller than the sensor length. The sensor can then be roughly placed to
capture the entire central lobe of the diffraction envelope, and misalignment errors
can be corrected using the method described in the previous Chapter.
Referring to Table 6.1, it can be seen that the spatial harmonic function having
a frequency of a/λ can be used to correct alignment errors. Referring to Equa-
tion (5.36), it can be seen that this arrangement can correct alignment errors of up
to ±0.542 mm. Now, if the cantilever width is selected as b = 3 µm, the diffrac-
tion envelope will span 4.33 mm, according to Equation (5.34). Since the sensor
size is 4.73 mm, this leaves a tolerance of ±0.2 mm. As alignment errors of up to
±0.542 mm can be corrected by this system, accurate deflection measurements can
be taken as long as the entire central diffraction lobe falls on the image sensor.
6.3.4 Cantilevers with different deflections
It is required that deflections up to 3000 nm are able to be measured. A deflection
of 3250 nm corresponds to 5λ. Since a phase-based interferometric arrangement
can measure deflections up to λ/2 (ie. 325 nm), a system capable of measuring
deflections up to 3250 nm requires that the cantilever deflection multipliers have a
lowest common denominator of 10. An array of cantilevers having relative deflections
of t, 1.1t, 1.2t, 1.3t and 1.4t is one possible solution. Using the analytical models
developed in Chapter 3, a set of cantilevers having relative deflections of t, 1.1t, 1.2t,
1.3t and 1.4t can be designed. Perforations can be etched from the cantilevers to
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change the relative deflections using standard photolithographic techniques. Since
it is difficult to have different perforation depths in different cantilevers of the array,
the perforation depth factor γ is kept constant. All other perforation parameters can
be easily defined using an etch mask. Table 6.2 lists one possible set of perforation
values to achieve this set of deflections. Note that while the moving cantilevers
have different deflections, all cantilevers have similar resonant frequencies. It was
highlighted in the Literature Review that the resonant frequency is directly related
to the noise characteristics of cantilevers. Hence, each of these cantilevers will have
similar noise characteristics.
Table 6.2: A possible set of perforation parameters to achieve a 10-fold deflection
measurement range improvement. Perforation parameters are given as fractions
of the cantilever dimensions, according to the notations of Chapter 3.
Rel. defln Location (α) Width (β) Depth (γ) Length (η) Rel. f0
1 – – – – 1
1.1 0.2 1.0 0.25 0.1 0.95
1.2 0.2 1.0 0.25 0.2 0.92
1.3 0.2 1.0 0.25 0.3 0.92
1.4 0.2 1.0 0.25 0.8 1.04
6.3.5 Summary of cantilever array details
The moving cantilevers should have perforations with parameters given in Table 6.2.
A schematic diagram of the cantilever array is shown in Figure 6.2. The locations
of the cantilevers are also shown, in terms of the minimum separation a. The
unmodified side of the cantilever array is illuminated by a collimated laser to avoid
diffraction from the perforations. The photosensor should be placed to capture the
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resulting interference pattern.
Number of fixed cantilevers 6
Number of moving cantilevers 5
Width of each cantilever (b) 3 µm
Minimum spacing between cantilevers (a) 6 µm
Locations of fixed cantilevers (xf) 0, 6, 30, 54, 78, 102 µm
Locations of moving cantilevers (xm) 18, 42, 66, 90, 114 µm
Figure 6.2: A schematic diagram of the cantilever array.
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6.4 Algorithm for calculating the deflection
The image sensor will provide a digitised version of the far-field optical intensity pat-
tern. This section lists the signal processing algorithm for calculating the deflection
from this data.
For each deflection value within the measurement range, a unique combination of
phase terms will be obtained from the FT of the intensity pattern. In order to
determine the deflection from these phase terms, it is convenient to have a look-up
table having all the phase terms for all deflections. A second such look-up table is
required for the correction of alignment errors. Using these two tables, the deflection
can be derived by a simple signal processing algorithm such as the one presented
below.
• Compute the FFT of the digitized intensity pattern. Identify the peaks of the
amplitude spectrum. Note the locations of the alignment-correction frequen-
cies and the measurement frequencies on the spectrum.
• Using the phase values of the alignment-correction frequencies and the alignment-
correction lookup table, compute the misalignment of the sensor.
• Using the locations of the cantilevers in the array, compute the phase errors
introduced into the measurement cosines due to misalignment.
• Obtain the phase terms of the measurement frequencies from the FT. Remove
the misalignment phase errors using the values computed earlier.
• Take the first corrected phase term. Cycle through the row of the lookup table
corresponding to this spatial frequency, and note the possible deflection values
corresponding to this phase. There can be several candidate deflection values.
• Repeat this procedure for all phase terms.
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• Now, each measured phase term will have a set of possible deflection values.
From these candidate deflection values, pick the deflection that is common to
all phase terms. This is the desired deflection value of the cantilever array.
A Matlab R© implementation of this algorithm was developed to validate the design
and the underlying principles. The scripts are given in Appendix B. Results are
presented in the next section.
6.5 Results
A cantilever array having the parameters designed above was simulated using Mat-
lab. Figure 6.3(a) shows the far-field intensity pattern when the cantilever deflection
t = 0. Figure 6.3(b) shows the amplitude spectrum of the FT of the interference
pattern. This spectrum has 19 clearly distinguishable peaks on either side of the
DC value, corresponding to the 19 spatial frequencies of the interference pattern.
Figure 6.3(c) shows the calculated phase spectrum of the FT. The phase terms
corresponding to all amplitude peaks are found to be zero.
Figure 6.4 is plotted when the deflection is 100 nm. The phases corresponding
to the 3rd, 7th, 11th, 15th and 19th amplitude peaks are non-zero, and contain the
information to calculate the deflection.
Using these Matlab simulations, the performance of the system is verified in the
following subsections. The measurement resolution is determined. Then it is shown
that measurements can be taken up to deflections of 5λ, and that alignment errors
can be corrected.
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Figure 6.3: Simulated (a) interference pattern, (b) amplitude spectrum and the
(c) phase spectrum of the novel detection method when deflection t = 0 nm.
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Figure 6.4: Simulated (a) interference pattern, (b) amplitude spectrum and the
(c) phase spectrum of the novel detection method when deflection t = 100 nm.
CHAPTER 6. SYSTEM DESIGN OF THE MEASUREMENT METHOD 152
6.5.1 Measurement resolution
In order to determine the resolution of the system, the intensity patterns for deflec-
tions in the range 0–10 nm were simulated, in steps of 0.01 nm. Then, the phase
terms of the FT of the intensity patterns were used to calculate the deflections. The
difference between the actual deflection and the calculated deflection is shown in
Figure 6.5.


















Figure 6.5: Calculated measurement error at each deflection value in the range
0–10 nm.
It can be seen that the largest measurement error is 0.10 nm. The resolution being
twice the maximum error, the measurement resolution of the irregularly spaced
cantilever array is then found to be 0.20 nm. This compares with a theoretical
resolution of 0.159 nm for a standard interferometric array using a photosensor
having an identical ADC resolution of 10-bits. This discrepancy is mainly due to
the limitations of the signal processing code used in the simulations. A simple signal
processing algorithm was implementation to demonstrate the concepts, but it lacks
the precision required to obtain high resolutions measurements.
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6.5.2 Measurement range
The variation of the phases of the spatial harmonic functions having frequencies
3a/λ, 7a/λ, 11a/λ, 15a/λ and 19a/λ with deflection are shown in Figure 6.6. De-
flection values were systematically varied from 0 through 3500 nm in steps of 10 nm,
and the phase terms were calculated at each deflection value.
It is clearly seen that the five phase terms have different periods. In the deflec-
tion range 0–3250 nm, each deflection value gives a unique set of phase terms.
Figures 6.7(a) and 6.7(b) are extracted from Figure 6.6 for the deflection ranges
0–250 nm and 3250–3500 nm respectively. It can be clearly seen that the phase
patterns of both Figures 6.7(a) and 6.7(b) are identical, which shows that all phase
terms are repeated after 3250 nm. These three figures demonstrate that unique phase
patterns are obtained for a deflection range of 3250 nm, which corresponds to 5λ.
Any deflection within this range can be distinctly measured, with sub-nanometric





































































f = 3a/λ f = 7a/λ f = 11a/λ f = 15a/λ f = 19a/λ
Figure 6.6: Variation of the phases of spatial cosines having frequencies of 3a/λ, 7a/λ, 11a/λ, 15a/λ and 19a/λ, with
deflections between 0–3500 nm.
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f = 3a/λ f = 7a/λ f = 11a/λ f = 15a/λ f = 19a/λ
(a) Deflection range 0–250 nm



















f = 3a/λ f = 7a/λ f = 11a/λ f = 15a/λ f = 19a/λ
(b) Deflection range 3250–3500 nm
Figure 6.7: All phase variation patterns are repeated after a deflection of
3250 nm.
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As an example, consider a nominal deflection of t = 3000 nm. The spatial frequencies
of the harmonic functions of interest are given in the first column of Table 6.3,
and the phase terms of these harmonic functions obtained from the FT are shown
in the second column. Candidate deflection values obtained from the data table
corresponding to Figure 6.6 are shown in the last column. As can be seen from
Table 6.3, the only deflection value common to all phase terms is 3000 nm. Hence,
this is the base deflection of the cantilever array. Note that this value is much
greater than the maximum measurable deflection of 162.5 nm of a regular array of
cantilevers.
Table 6.3: Measured phase values and candidate deflection values, when
t=3000 nm.
Spatial frequency Measured phase Candidate deflection values
3a/λ 0.1405 500, 750, 1000, 1250, 1500, 1750,
2000, 2250, 2500, 2750, 3000,
3250, 3500
7a/λ -0.7690 340, 630, 930, 1520, 1820, 2110,
2410, 2700, 3000, 3300
11a/λ -1.1985 400, 720, 1050, 1370, 1700, 2020,
2350, 2670, 3000, 3330
15a/λ 0.7986 440, 910, 1140, 1370, 1840, 2070,
2300, 2770, 3000, 3230
19a/λ -0.1178 290, 560, 830, 1100, 1370, 1640,
2190, 2460, 2730, 3000, 3270
Using the Matlab script given in Appendix B, it was verified that deflection values
up to 3250 nm could be calculated, as predicted, using this method. Deflections
beyond this range cause ambiguities, which is consistent with the theory established
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in this thesis.
6.5.3 Misalignment correction
In the simulations conducted so far, it was assumed that the sensor was perfectly
aligned with the diffraction envelope. In this section, the sampling range has been
shifted to simulate a misaligned image sensor. At each misaligned value, the phase
of the alignment-correction cosine having a frequency of a/λ was calculated. This is
plotted in Figure 6.8. It can be seen that the phase varies linearly with misalignment,





























Figure 6.8: Variation of the phase of the alignment-correction cosine, with mis-
alignment.
and that unique phase terms are observed within a misalignment range of±0.42 mm.
Hence, misalignments of up to 0.84 mm can be corrected using this method.
It was noted earlier that the diffraction envelope will span 4.33 mm, while the length
of the sensor is 4.73 mm. Thus, sensor can be misaligned by ±0.2 mm with respect
to the diffraction envelope, and still capture the entire central lobe of the diffraction
envelope. It was seen above that misalignment errors of up to ±0.42 mm can be
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corrected. Therefore, provided the entire central lobe is captured by the image
sensor, any alignment error can be corrected.
6.6 The effect of noise on measurements
The simulations of this Chapter assumed noise-free conditions. In practice, however,
cantilever noise, laser diode noise, photodetector noise and electronic circuit noise is
encountered which adversely affects the resolution of the measurement. The effects
of random noise sources such as thermal-induced vibrations of the cantilevers are
eliminated when the average deflection of several cantilevers is considered. The
practical resolution of the measurement system is limited by the noise power of the
implemented opto-electronic system.
6.7 Summary
In this Chapter, an example array of cantilevers was designed using the principles es-
tablished in the previous Chapter. The system was designed to measure deflections
of up to 3250 nm, considering a commercially available image sensor. The place-
ment of cantilevers was determined in terms of the minimum separation a between
cantilevers. Then, using the pixel dimensions, the numerical value of the minimum
separation a between cantilevers was determined. Using the size of the image sensor,
the width of the cantilevers was obtained. Finally, perforation parameters were de-
termined to obtain an array of cantilevers that have different deflections for a given
stimulus, yet similar resonant frequencies.
This array and the measurement system was then simulated. It was demonstrated
that deflections up to 3250 nm were measurable as predicted, with a resolution of
0.2 nm. Misalignment errors up to ±0.42 mm were shown to be correctable using
the methods established earlier. Thus the principles of the measurement method
established in Chapter 5 have been demonstrated to be valid.
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This thesis investigated the problem of enhancing the deflection sensitivity and
measuring the deflection of microcantilevers for sensor elements. It was shown that
if the deflection of a microcantilever was increased by increasing the length or by
decreasing the thickness, its resonant frequency decreased. Since a lower resonant
frequency results in a lower noise immunity, this method is not suitable for sensor
elements.
This problem of an inverse relationship between the deflection and the resonant
frequency of microcantilevers was investigated in Chapter 3. It was shown that the
deflection and the resonant frequency of cantilevers can be simultaneously increased
by creating perforations on the cantilever in a manner that reduces its mass by a
larger fraction than the reduction of the spring constant of the cantilever.
Analytical models were developed to describe the dynamics of perforated micro-
cantilevers. The moment–area method was used to develop an analytical model to
describe the surface-stress-induced deflection of microcantilevers. Deflection values
obtained from this model were within 6 % of the simulated deflection values obtained
using ANSYS, which showed the validity of the models as well as the modelling tech-
nique. An analytical model to describe the resonant frequency was developed using
the Rayleigh–Ritz method. Resonant frequencies obtained using this model were
160
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within 4 % of the simulated values obtained using ANSYS.
The variations of deflection and resonant frequency of cantilevers with perforation
parameters were characterised using these models. It was established that the de-
flection and resonant frequency can be selectively controlled using perforations, en-
abling cantilevers to be realised with larger deflections as well as higher resonant
frequencies compared with standard rectangular cantilevers. Since larger resonant
frequencies give a larger noise immunity, the cantilevers can be made more sensitive
to smaller measurands. This enables the measurement technique to be simplified,
since large deflections can be measured in less noise-controlled environments.
This analysis was then extended to determine the optimal profile of a cantilever that
combined increased deflection with increased noise immunity. It was established
that cantilevers with triangular profiles have a larger deflection–resonant frequency
product when compared with standard rectangular cantilevers. These results were
compared with values obtained frommodels available in the literature, as well as with
simulations using ANSYS, which showed good agreement. The triangular-profiled
cantilevers were shown to have a sensitivity to dimensional variations comparable
to prismatic cantilevers, and to be relatively insensitive to smoothing effects of
fabrication.
An important contribution of the thesis was the investigation of measuring the de-
flection of an array of cantilevers using the interdigital interferometric method. A
novel mathematical approach was proposed that decomposed the far-field diffrac-
tion pattern into the sum of several spatial harmonic functions. The relationships
between the parameters of the cantilever array, the cantilever deflections and the spa-
tial harmonic functions which define the optical intensity pattern were established.
The frequencies of these spatial harmonic functions were shown to be determined
by the distances between each cantilever of the array, while the phase terms were
shown to be dependent on the amount of deflection.
Using this representation of the diffraction pattern, the reason for the usual lim-
itation of the measurement range to a quarter of the wavelength λ of the optical
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source was identified. It was shown that instead of measuring the optical intensities
of the diffraction orders, calculating the phases of the spatial harmonic functions
from the Fourier transformation of the far-field diffraction pattern can extend the
measurement range to λ/2.
It was further established that by making each moving cantilever of the array to
have a different deflection for a given stimulus, the measurement range can be in-
creased independent of the half-wavelength limitation. The principles of designing
a cantilever array to enable this enhancement were established.
A key result of this thesis was the establishment of a principle to correct the errors
induced by misalignment of the image sensor with respect to the diffraction envelope
of the interference pattern. It was shown that the cantilever array can be designed to
correct for large misalignments. Since the requirement of precise optical alignment
is eliminated, the proposed method is well suited for automated systems to measure
the deflection of cantilevers.
Practical design considerations of the cantilever array and the image sensor were
investigated and the principles for determining the cantilever width and the locations
of individual cantilevers were established. The requirements of the photo sensor,
namely, the maximum allowable pixel spacing, the size of the image sensor and
the resolution of the Analog to Digital Converter (ADC) for a given measurement
resolution were also determined.
Using the principles established in the thesis, an example design of an array of
cantilevers was presented. Using the specifications of a standard image sensor and
assuming the wavelength of the laser to be 650 nm, the performance of this system
was simulated on Matlab. Using a basic signal processing algorithm, a measurement
resolution of 0.2 nm was demonstrated using a 10-bit ADC, which compares with
the theoretical resolution of 0.159 nm of a standard interferometric deflection mea-
surement technique using a photodiode of identical resolution. Deflections of up to
3250 nm was shown to be measurable from this array, compared with 162.5 nm for
a standard interferometric measurement technique.
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This thesis has established and proven the principles by which microcantilevers with
higher deflections combined with higher noise immunity can be achieved, and how
deflections of up to several micrometers can be measured with sub-nanometric reso-
lution, using a simple optical technique. Thus the work of this thesis has overcome
some of the limitations which prevent the achievement of a MEMS microcantilever-
based, rapid diagnostic device.
Appendix A
Analytical Modelling
The complete mathematical derivations of the analytical models presented in this
thesis are given in this Appendix. The background theories used in the derivations
are also included.
A.1 Model of a perforated microcantilever
The cantilever is of length L, width b and thickness h. All perforations are cuboidal
and are assumed to be geometrically identical. Their length, width and depth are
parametrically defined by ηL, β ′b and γh respectively. The separation between
perforations is denoted by λL and the distance to the first perforation from the fixed
end is αL. Figure A.1 shows a sketch of a beam with an array of such perforations.
164
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Figure A.1: A rectangular microcantilever with 9 cuboidal perforations.
A.2 Models for cantilever deflection
A.2.1 Moment–Area method
The moment–area method is a semi-graphical approach that can be used to calculate
the deflection of cantilever beams [1, 2, 3]. This method is particularly useful when
the beam is non-prismatic and is used here to develop analytical models for the
deflection of perforated cantilevers.
When loads are applied to cantilevers, internal shear forces and bending-moments
develop in the beam. These forces and moments, in general, vary from point to point
along the axis of the cantilever. A moment diagram is a plot of the bending-moment
M along the length of the cantilever. An example is shown in Figure A.2(b).
An M/EI curve (Figure A.2(c)) is obtained by dividing the internal moment M at
every point along the cantilever length by the flexural rigidity EI at that point. E is
the Young’s modulus of the material and I is the moment of area of the cross-section
at that point, and is computed about the neutral axis of that cross-section.
The deflection t of a point P on the microcantilever with respect to a point Q is







The area under the M/EI diagram between points P and Q (the shaded area in
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Figure A.2: (a) A cantilever with a point load at the free end, (b) the bending-
moment diagram and (c) the resulting M/EI diagram.
Figure A.2(c)) represents the integral. x is the distance from point P to the centroid
of the area under the M/EI diagram between P and Q.
When point P is at the free end and point Q is at the fixed end, Equation (A.1)
gives the tip deflection of the microcantilever. Then, x is the distance from the
free end to the centroid of the M/EI diagram and the integral represents the entire
area under the M/EI diagram. This technique is used as the basis to formulate
analytical models for the deflection of perforated microcantilevers.
Sign convention
In this thesis, the following sign convention is used for moments [1]:
the moment is considered to be positive if it causes a compression in the top fibres
of the segment
APPENDIX A. ANALYTICAL MODELLING 167
Neutral axis
The moment–area method requires the determination of the moment of area of
cross-sections, calculated about the neutral axis of that cross-section. Thus the
neutral axis of cross-sections of the cantilever needs to be determined. It is shown
in standard mechanics texts that the neutral axis of a cantilever is also its centroidal








If a composite area can be divided into several simpler shapes whose centroids are






where yi is the centroidal distance of the i
th composite part calculated about the
same axis using Equation (A.2), and Ai is the area of the i
th composite part.
Consider a perforated cantilever as shown in Figure A.1. Cross-sections at unper-
forated segments of the beam (such as on AA′) will be rectangular in shape. If the
thickness of the cantilever is h, the centroidal axis of cross-sections at unperforated
segments will be located at a depth of h/2.
A cross-section of a perforated segment (such as on BB′) is shown in Figure A.3.
Such a cross-section can be considered as a composite of several rectangular areas.
Calculations can be simplified by assuming the composite area to be constructed by
removing small rectangular areas from the larger rectangular area.
Figure A.3: Cross-section of a cantilever with n perforations.
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Let there be n perforations across the cantilever width, each β ′b wide and γh deep,
as shown in Figure A.3. The centroids of perforations are at a distance (1 − γ
2
h)
from the unperforated surface. The distance to the centroid of the perforated cross-
section from the unmodified surface (bottom surface) can be determined using Equa-








· bh− n · (1− γ
2
)
h · β ′bγh









1− nβ ′ · γ (A.4)
If we consider a cross-section with a single perforation of width nβ ′b, Equation (A.4)
remains unchanged. Thus the centroid of a section with n identical perforations each
of width β ′b, is at the same depth as the centroid of a section with a single perforation
of width nβ ′b.
In sections of the cantilever without any perforations, β ′ = 0 and γ = 0, and as
expected, y = h/2.
Moment of area





It can be easily shown using this definition that the moment of area of a rectangle
of width b and height h about its neutral axis is given by 1
12
bh3.
Suppose the moment of area (MOA) of a shape about its neutral axis is given by
I0. Then its MOA about an axis Z parallel to the neutral axis can be determined
using the parallel axis theorem:
IZ = I0 + Ad
2 (A.6)
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where d is the distance between the neutral axis and the Z axis, and A is the area.
If an area is a composite of several simpler parts, its moment of area is the algebraic






Refer Figure A.1 again that shows a perforated cantilever. Cross-sections at un-
perforated segments are rectangular in shape. Thus the moment of area of an
unperforated cross-section about its neutral axis is 1
12
bh3.
A cross-section at a perforated segment was shown in Figure A.3. The neutral axis
of this cross-section was determined above and is given by Equation (A.4). For
the moment–area method, MOA’s of perforated sections should be taken about this
axis.
A perforated cross-section can be considered as a composite shape constructed by
removing small rectangular areas from the larger rectangular area. Using the parallel
axis theorem, the MOA’s of the composite parts about the neutral axis of the cross-
section can be determined.
The MOA of an unperforated section about the neutral axis y given by Equa-

















































bh3 · β ′γ
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Now, the moment of area of the perforated cross-section about its neutral axis Ip, y













nβ ′γ (1− γ)
1− nβ ′γ
)2]
















If we consider a cross-section with a single perforation of width nβ ′b, Equation (A.11)
remains unchanged. Thus the MOA of a section with n identical perforations each
of width β ′b, is the same as the MOA of a section with a single perforation of width
nβ ′b.
It was shown earlier that the centroid of a cross-section with n identical perforations
of width β ′b, is at the same location as the centroid of a section that has a single
perforation of width nβ ′b. Thus for the moment–area method, n perforations along
the cross-section of the cantilever can be replaced by a single equivalent perforation.
Therefore, an array of perforations on the cantilever can be modelled by a single line
of equivalent perforations along the length of the cantilever. This equivalent model
is used to represent perforations from this point onwards. Refer Figure A.4. The
cumulative width of the individual perforations, nβ ′, is denoted by β.
Centroid and moment of area of the reduced model
The centroid of a perforated section was given above in Equation (A.4). The centroid
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Figure A.4: Reduced model of a perforated microcantilever.
Similarly, substituting n = 1 and β = nβ ′ in Equation (A.11), the moment of area












bh3 is the moment of area of a uniform rectangular section taken about
its neutral axis. Thus, the above expression for the moment of area of a perforated
section can be expressed as
Ip,y = χ · Iu,0 (A.14a)
where,
χ =
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
1− βγ (A.14b)
A three-dimensional plot of the MOA factor χ versus the perforation width and
depth factors is shown in Figure A.5. It can be seen from this Figure that the χ of
a perforated section is less than 1 for every β and γ. Thus the moment of area of
a perforated section is smaller than that of an unperforated section, for every value
of β and γ.
A.2.2 Model for deflection with a point load
Figure A.6(a) shows a perforated cantilever with a point load F applied at its free
end. The bending-moment diagram of an end-loaded cantilever is independent of






















Figure A.5: Variation of moment of area χ factor with perforation width and
depth.
the physical structure of the cantilever, and takes the shape given in Figure A.2(b)
above. However, the M/EI diagram will be different to that of a uniform beam
(shown in Figure A.2(c) ), due to the perforations in the cantilever. The Young’s
modulus E of the material is assumed to be constant throughout the cantilever. It
was shown in the previous section that the moment of area of a perforated section
is smaller than that of a non-perforated section. Thus the flexural rigidity EI of
a perforated section will be smaller than that of a non-perforated section. The
M/EI diagram of Figure A.6(b) is obtained by dividing the bending-moment by
the flexural rigidity at each point along the perforated cantilever.
To simplify calculations, theM/EI diagram can be divided into simpler shapes with
known centroids. If these sections are numbered A1, A2 . . . AN and the centroidal
distances are given by x1, x2 . . . xN , then the deflection is given by [2]
tP/Q = A1x1 + A2x2 + . . .+ ANxN (A.15)
The M/EI diagram for the perforated cantilever can be divided into several triangu-
lar areas (refer Figure A.6(b)). Let the perforations be numbered 1, 2 . . .N starting
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Figure A.6: (a) An end loaded perforated cantilever and (b) the resulting M/EI
diagram.
from the fixed end. The triangular areas are labelled 0, 1a, 1b, 2a, 2b, . . .Na and Nb,
as shown in Figure A.6b.



































































































































































































The distances to the centroids of the triangles from the free end can be obtained as






































By following this pattern, the distance to the centroid of triangle ia is given by
xia =
(










































Following the pattern, the distance to the centroid of triangle ib is given by
xib =
(





Now the deflection of the perforated microcantilever due to a point load at the free
end can be determined:
tpl = A0x0 +
N∑
i=1
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2N2(η + λ)2 + 3N(η + λ)λ
+ 6
(
1− α−N (η + λ) )(1− α + λ) + λ(λ− η)}
] (A.20)
The deflection of a uniform cantilever with a point load applied at the free end is
given by tpl,u =
FL3
3EI
. Therefore, the deflection of a perforated microcantilever with
a point load at the free end can be expressed as follows:











2N2(η + λ)2 + 3N(η + λ)λ
+ 6
(
1− α−N (η + λ) )(1− α + λ) + λ(λ− η)}
] (A.21b)
If there are no perforations, N = 0. In that case ψpl,N = 1, and the deflection equals
that of a uniform cantilever.
Cantilever with a single perforation
If the cantilever has only a single perforation, N = 1. Then the above model reduces
to
tpl = ψpl · tpl,u (A.22a)
where,









η + α− 1
)}
(A.22b)
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A.2.3 Model for deflection with surface stress
In this section, analytical expressions are developed to describe the deflection of
perforated microcantilevers that have a differential surface stress between its top
and bottom faces. To keep the surface stress acting on a uniform surface, the stress
is assumed to develop on the unmodified face of the cantilever.
The surface stress σ is a force per unit length, with units Nm−1. Suppose a uniform
surface stress σ acts on one face of a microcantilever. Then the resultant tangential
force in the axial direction due to the surface stress is σ · b, where b is the width
of the cantilever. Refer Figure A.7. If the neutral axis at a cross-section of the
microcantilever is at a depth of y, this tangential force can be translated into an
equivalent concentrated axial force σb acting along the neutral axis of the beam,
and a moment M = σby. This bending-moment can be used in the moment–area
method to derive an expression for the deflection of perforated microcantilevers.
(a) Surface stress (b) Resultant tangential force
(c) Equivalent axial force and moment
Figure A.7: Modelling surface stress. (a) The surface stress σ is a force per
unit length. (b) The resultant tangential force, that can be translated into (c) an
equivalent axial force and a moment.
When a uniform microcantilever is considered, y = h/2, and the moment is given
by M = σbh/2 [4, 5, 6].
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When a perforated microcantilever is considered, the location of the neutral axis at
perforated sections will be different to that at unperforated sections. The distance
to the neutral axis from the unmodified face at any cross-section along the beam
can be obtained from Equation (A.12), and the moment can then be determined:
M = σby









For any value of β and γ between 0 and 1, y is always less than or equal to h/2.
Thus the moment at perforated sections of the microcantilever is always less than
the moment at unperforated sections. See Figure A.9(b).
Using the moment of area from Equation (A.14b), the expression for M/EI of a
























































(1− 4βγ + 6βγ2 − 4βγ3 + β2γ4) (A.26)
Now, let f(β, γ) =
(
1− βγ(2− γ))
(1− 4βγ + 6βγ2 − 4βγ3 + β2γ4)
A 3-dimensional plot of f(β, γ) versus β and γ is shown in Figure A.8. As can
















Figure A.8: Variation of f(β, γ) with β and γ.
be seen from the plot, f(β, γ) is always greater than or equal to 1. Referring to
Equation (A.26), it can be deduced that for every value of β and γ, M/EI of
perforated sections is greater than the M/EI of unperforated sections. Thus the
M/EI diagram of a perforated microcantilever with a surface stress acting on it
takes the form shown in Figure A.9(c).
The M/EI diagram of Figure A.9(c) can be divided into sections 0,1,2 and 3 as




















2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)
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Figure A.9: (a) Microcantilever with a surface stress acting on its top face, (b)

























1− α− (2N − 1)η
2
− (N − 1)λ
)
L
The deflection of the microcantilever is then given by
tss = A0x0 + A1x1 + A2x2 · · ·+ ANxN







2(1− α)− λ(N − 1)−Nη
)
(
2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)]
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The stresses considered so far have been unidirectional, acting along the length
of the cantilever. However, when a surface stress develops on a cantilever due to
receptor-analyte bindings, the stress is biaxial. When biaxial stresses are considered,
the Young’s Modulus E is replaced by E/(1 − ν) [4]. Substituting this equivalent









2(1− α)− λ(N − 1)−Nη
)
(
2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)] (A.27)
The cantilever can be reduced to an unperforated beam by making at least one perfo-





This is the equation commonly referred to as Stoney’s Equation in the literature.
Combining with Equation (A.27), this gives







)( 2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)]
(A.28)
Cantilever with a single perforation
If the cantilever has only a single perforation, N = 1. Then the above model reduces
to







)( 2− 5γ + 4γ2 − βγ3
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
)]
(A.29b)
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A.3 Analytical models for resonant frequency
The Rayleigh–Ritz method [7, 8, 9] can be used to obtain an approximate solution
for the resonant frequency of structures with complex geometries. This method is
based upon the principle of conservation of energy, and is an extension of Rayleigh’s
method.
A.3.1 Rayleigh–Ritz method
The deflection curve Y of a cantilever beam can be expressed by the general form [10]
Y = a1ϕ1(x) + a2ϕ2(x) + a3ϕ3(x) + · · · (A.30)
where x is measured from the fixed end of the microcantilever beam, and ϕ1(x), ϕ2(x), . . .
are functions satisfying the boundary conditions. The maximum potential energy V
and the maximum kinetic energy T of a vibrating beam can be obtained from the


















where A is the cross-sectional area of the cantilever, ρ is the density of the material
and ω is the angular natural frequency of vibration. As before, E is the Young’s
modulus, I is the moment of area, and L is the length of the cantilever. By the
principle of conservation of energy, the maximum potential energy should be equal
to the maximum kinetic energy. Thus by equating the above two expressions, the
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This is the Rayleigh–Ritz method for determining the resonant frequency, and is
applied below to perforated microcantilevers.
A.3.2 Model for resonant frequency
For a microcantilever, the boundary conditions are that the deflection at the fixed
end, deflection gradient of the fixed end, the bending-moment at the free end and
the shear force at the free end are all equal to zero [10]. If x is measured from the
fixed end, these boundary conditions can be expressed as [8]:






















These boundary conditions are independent of the shape and structure of the mi-
crocantilever, and hold true for both uniform and perforated beams. The simplest











Suppose a cantilever with an array of perforations as in section A.1 is considered.
As demonstrated in section A.2.1, the moment of area of a cross-section with n
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perforations of width β ′b each is equal to the MOA of a cross-section with a single
perforation of width nβ ′b. The area of a cross-section with multiple perforations is
equal to the cross-sectional area of the equivalent shape with a single perforation.
Therefore, a single line of perforations along the length of the cantilever can be used
with the Rayleigh–Ritz method as well to represent an array of perforations. This
reduced model of perforation is shown in Figure A.4.
The Young’s modulus and the density of the material were assumed to be constant
throughout the beam. The moment of area I and the cross-sectional area A vary
along the length of the beam due to the perforations. Using equations (A.35) and
(A.37), the resonant frequency of a perforated microcantilever can be derived.
The cantilever can be divided into separate sections, as shown in Figure A.10. The
values of distance x, moments of area, and cross-sectional areas of each section are




























Figure A.10: Microcantilever with multiple perforations, divided into separate sections.
Table A.1: Parameters to calculate the resonant frequency of a perforated cantilever.
secn u0 p1 u1 p2 u2 p3 u3 . . . pi ui . . . uN
left 0 α α+ η α+ η + λ α+ 2η + λ α+ 2η + 2λ α+ 3η + 2λ . . . α+ (i− 1)(η + λ) α+ iη + (i − 1)λ α+Nη + (N − 1)λ
right α α+ η α+ η + λ α+ 2η + λ α+ 2η + 2λ α+ 3η + 2λ α+ 3η + 3λ . . . α+ iη + (i− 1)λ α+ i(η + λ) 1
MOA I χI I χI I χI I χI I I
Area bh (1 − βγ)bh bh (1 − βγ)bh bh (1 − βγ)bh bh (1− βγ)bh bh bh
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α + i(η + λ)
)3 − 2 N−1∑
i=1
(



















(α− λ) + i(η + λ))4 + 2 N∑
i=1
(





(α− λ) + i(η + λ))2 + N∑
i=1
(
(α− λ) + i(η + λ))
}]
(A.40)
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α + i(η + λ)
)7 − 8 N−1∑
i=1
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α− λ+ i(η + λ))8 + 4 N∑
i=1
(










α− λ+ i(η + λ))5
}]
(A.42)
Now, substituting the expressions for the Numerator given by (A.40) and the De-
nominator given by (A.42) in Equation (A.38), the resonant frequency of the perfo-
rated microcantilever can be determined. Due to the complexity of the problem and
the large amount of terms involved, a simple expression for the resonant frequency
could not be obtained. However, these equations can be easily solved using mathe-
matical analysis software such as Matlab. The terms of Equations (A.40) and (A.42)
were coded into a Matlab script, and were solved to obtain the resonant frequency
of a perforated cantilever. The solution contained over one hundred terms, and it
is not presented here. Numerical values can be easily assigned to the parameters
in Matlab, and numerical solutions to the resonant frequency can be obtained. The
Matlab script used to obtain the resonant frequency of perforated cantilevers is given
in Appendix B.
The simplest form of the deflection curve generally gives the resonance frequency of
the fundamental mode of vibration. Even with the simplest expression for Y , ana-
lytical expressions for resonant frequency are complicated. Hence, it is not feasible
to obtain models for resonant frequencies of higher modes using this approach, as
the expressions then become even more complex.
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Reduced model for a single perforation
When there is a single perforation, N = 1. In this case, a simpler analytical expres-
















{(α + η)9 − α9} − {(α + η)8 − α8}
+ 10 {(α + η)3 − α3} − 10 {(α + η)2 − α2}+ 5η]
+ 4 {(α+ η)7 − α7} − 8 {(α + η)6 − α6}+ 36
5
{(α+ η)5 − α5} ]
]1/2
(A.43)
By making at least one dimension of the perforation (ie, β, γ or η) zero, the per-
forated cantilever is reduced to a uniform beam. By applying this condition to
Equation (A.43), the expression for the resonant frequency of a uniform microcan-










Equation (A.44) is consistent with the standard equations for the resonant frequency
of rectangular cantilevers [7, 8, 9]. Thus, the resonant frequency of a microcantilever
with a single perforation can be expressed as follows:
f0 = f0,u ·
√
ψf (A.45a)
where ψf is given by
ψf =
[






{(α+ η)9 − α9} − {(α + η)8 − α8}
+ 10 {(α+ η)3 − α3} − 10 {(α + η)2 − α2}+ 5η]
+ 4 {(α + η)7 − α7} − 8 {(α + η)6 − α6}+ 36
5
{(α+ η)5 − α5} ]
]
(A.45b)
The moment of area factor χ is given by Equation (A.14b)
χ =
1− 4βγ + 6βγ2 − 4βγ3 + β2γ4
1− βγ
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A.4 Deflection of tapering cantilevers
The general profile of a tapering cantilever can be expressed by the polynomial
function
h(x) = hb + (ha − hb)(x/L)n (A.46)
where ha and hb are the thicknesses of the fixed and free ends respectively, x is
measured from the free end, L is the length of the cantilever and n is the order of
the polynomial. Refer Figure A.11.
Figure A.11: The general form of a tapering cantilever.
A.4.1 Trapezoidal cantilevers
A trapezoidal cantilever is obtained by substituting n = 1 in Equation (A.46). Note
that the cross-section at any point along a trapezoidal cantilever is rectangular.
Therefore, the bending-moment at any point x can be obtained by M = σbh(x)/2,
and the moment of area can be determined from 1
12
b[h(x)]3. Using the expression for
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]3 x dx (A.50)






E/(1−ν) for the Young’s modulus to account for biaxial stresses as discussed above,

















A.4.2 Quadratic (x2 type) cantilevers
A quadratic cantilever profile is obtained by substituting n = 2 in Equation (A.46).
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]3 x dx (A.54)


















A.5 Resonant frequency of a trapezoidal beam
The deflection curve given by Equation (A.37) used to determine the resonant fre-
quency of perforated beams can be used in this case as well. Since this deflection
curve assumes x to be measured from the fixed end, the expression for the profile of
tapering cantilevers given by Equation (A.46) should be modified to






Then cross-sectional area A and the moment of area I at any point x along the
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Similar to earlier derivations, the Numerator and Denominator parts of Equa-















































































(18ha + 73hb) (A.62)
Substituting Num and Den in Equation (A.38), and using f = 1
2pi
ω, the resonant
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This appendix lists some of the software scripts written to investigate the theories
developed in this thesis
B.1 Matlab script to determine f0
% Script to calculate Resonant Frequency of a Microcantilever
% with multiple perforations.
% Refer my thesis for derivation and explanation of model.
% Sanchitha Fernando
%clear variables in memory:
clear;
%Define symbols:
syms E r_ L b h; % Material & Mechanical properties
syms N a_ b_ g_ e_ l_; % N, alpha, beta, gamma, eta, lambda
syms k; % subscript for summation
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%Basic Calculations:
I=1/12*b*h^3; % Moment of Area of a uniform beam
c = (1-4*b_*g_^3-4*b_*g_+b_^2*g_^4+6*b_*g_^2)/(1-b_*g_); %MOA c-factor
p = a_ + k*(e_ + l_); q = a_ - l_ + k*(e_ + l_);
N1 = 1; N2 = 0.2*a_^5 - a_^4 + 2*a_^3 - 2*a_^2 + a_;
N3 = 0.2*symsum( p^5, k , 1, (N-1) ); %sum p^5 from 1 to (N-1)
N4 = -symsum( p^4, k , 1, (N-1) ); N5 = 2*symsum( p^3, k , 1,
(N-1) ); N6 = -2*symsum( p^2, k , 1, (N-1) ); N7 = symsum( p, k ,
1, (N-1) );
N8 = 0.2*symsum( q^5, k , 1, N ); N9 = -symsum( q^4, k , 1, N );
N10 = 2*symsum( q^3, k , 1, N ); N11 = -2*symsum( q^2, k , 1, N );
N12 = symsum( q, k , 1, N );
Num = 144*I/5/L^3*( N1 + 5*(1-c)*((N2+N3+N4+N5+N6+N7)
-(N8+N9+N10+N11+N12)) );
D1 = 1; D2 = 1/9*a_^9 - a_^8 + 4*a_^7 - 8*a_^6 + 36/5*a_^5;
D3 = 1/9*symsum( p^9, k , 1, (N-1) ); % sum p^9 from 1 to (N-1)
D4 = -symsum( p^8, k , 1, (N-1) ); % etc ...
D5 = 4*symsum( p^7, k , 1, (N-1) ); D6 = -8*symsum( p^6, k , 1,
(N-1) ); D7 = 36/5*symsum( p^5, k , 1, (N-1) );
D8 = 1/9*symsum( q^9, k , 1, N ); % sum q^9 from 1 to (N-1)
D9 = -symsum( q^8, k , 1, N ); % etc ...
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D10= 4*symsum( q^7, k , 1, N ); D11= -8*symsum( q^6, k , 1, N );
D12= 36/5*symsum( q^5, k , 1, N );
Den = 104/45*b*h*L*( D1+ 45/104*b_*g_*( (D2+D3+D4+D5+D6+D7) -
(D8+D9+D10+D11+D12) ));
f0 = 1/2/pi*sqrt(E/r_*(Num/Den));
%Initial values for mechanical & material properties:
%(can be over-ridden by specifying new values at the command line)
E = 165e9; %Youngs’s Modulus
r_ = 2330; %density
L = 100e-6; %length
b = 20e-6; %width
h = 2e-6; %thickness
B.2 Simulating an interferometric cantilever ar-
ray
B.2.1 Simulate the diffraction pattern




lambda = 650e-9; % wavelength
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k = 2*pi/lambda; % wave number
a = 6e-6; % interdigital spacing
b = 3e-6; % width of digit
N = 5; % Number of moving digits (= fixed digits)
% As per the pixels of photosensor used in the thesis, sampling should be
% at 0.00028 rad intervals. Here I use 0.0005, a rate worse than the
% sensor. The envelope is bound by +/-0.2166, & I use 0.217 ... actually,
% the sensor can cover +/-2.365 mm
theta=-0.217:0.0005:0.217; % range of angles - for 1 diff envelope
% Introduce misalignment error:
theta = theta + MISALIGN;
% t = 10e-9; % deflection : input at command prompt
mults = [1.3 1.1 1 1.4 1.2]; % vector of deflection multiples
tv = t*mults;
% Better system with wider alignment correction range
f = [0 1 5 9 13 17]; % fixed finger locations
m = [3 7 11 15 19]; % moving finger locations
% fixed - fixed Even terms
clear I; row=1; for r=2:N+1
for s=1:r-1
I(row,:) = 2*cos((p(r)-p(s))*k*a*sin(theta));




% add each column, & add N+1 to it
Iee = sum(I) + N+1;
% Moving - Moving terms
clear I; row=1; for r=2:N
for s=1:r-1





Ioo = sum(I) + N;
% Fixed - Moving terms
clear I; row=1; for r=1:N+1
for s=1:N
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% Diffraction term
Id = (sin(0.5*k*b*sin(theta))./(0.5*k*b*sin(theta))).^2; Id(
(length(Id)+1)/2 ) = 1;
I = Iee + Ioo + Ieo; I = I.*Id; S = fft(I);
% figure(1); plot(theta, I, theta, 121*Id); %xlim([0 400]);
% figure(2); plot(abs(S)); xlim([0 200])
% figure(3); plot(angle(S)); %xlim([0 120])
B.2.2 Calculated deflection
% This script attempts to determine the deflection from a measurement of
% intensity patterns
% Sanchitha 21.01.2007
% Generate look-up tables using "GenLookUp.m" before running this script
% obtain interference pattern:
SCRIPT_Interference;
J = round(I/121*1024); % Round-off values to fit a 10-bit ADC
S = fft(J);
% phase readings: There’ll be N readings, where N=no. of moving fingers
PhaseReadings = angle(S(POS));
% Misalignment correction (uses just one reading, for convenience) :
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% Aligned = mean(Alignment(1,:)); % average ideal value when aligned
% MisAlign = angle(S(AlPos(1))) - Aligned;
% PhaseErrors = [3 7 11 15 19]*MisAlign;
% PhaseErrors = PhaseErrors - floor(PhaseErrors/2/pi)*2*pi;
% Scale errors to range (0,2pi)
% PhaseReadings = PhaseReadings - PhaseErrors;
%
% for ss=1:N
% if (PhaseReadings(ss) > pi)
% PhaseReadings(ss) = 2*pi - PhaseReadings(ss);
% elseif (PhaseReadings(ss) < -pi)
% PhaseReadings(ss) = 2*pi + PhaseReadings(ss);
% end
% end
% vector to store the possible readings:
Possible = zeros(N,1);
Elems = zeros(1,N); % no of matching elements for each phase reading..
% Pick the candidates
% If we have callibrated in steps of 1nm, angular resolution =
% 2*pi*(1nm)/(325nm)= 0.0193 rad. So, "error" = +/- 0.01 is sufficient
MaxErr = 0.1; %0.01; % radians
c=1; %counter
X = length(LookUp);
Err_prev = 10; % to make the 1st Err_this smaller than Err_prev
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for ss=1:N %cycle through all phase readings
% Now using the ss-th phase reading ...
for rr=1:X %X = no. of points on the FFT
% Now testing the rr-th FFT point
% Error of this point:
Err_this = abs(PhaseReadings(ss) - LookUp(ss,rr) );
if ( Err_this <= MaxErr) %Is this is a candidate point?
% Yes, this is a candidate point
% was the previous value also stored?
if ( (c>1) && (LookUp(N+1,rr) - Possible(ss,c-1) < 10 ) )
% Yes, previous value was also stored
% Is this point better than the previous point?
if (Err_this < Err_prev)
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% Now scan through the Possible readings and pick readings common to two
% adjacent rows. Store in "Common"




if ( abs(Possible(uu,ss) - Possible(uu+1,rr)) < 3)






% Take average reading:
AvgDef = mean(Possible);
